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Abstract

Contextuality is a fundamental non-classical feature of quantum mechan-
ics. Abramsky et al. showed that contextuality in a range of examples is
detected by a cohomological invariant based on Cech cohomology. How-
ever, the approach does not give a complete cohomological characterisa-
tion of contextuality. Bravyi, Gosset, and Konig (BGK) gave the first
unconditional proof that a restricted class of quantum circuits is more
powerful than its classical analogue. The result, for the class of circuits of
bounded depth and fan-in (shallow circuits), exploits a particular family

of examples of contextuality.

A different cohomological approach to contextuality was introduced by
Okay et al. Their approach exploits the particular algebraic structure of
the Pauli operators and their qudit generalisations known as Weyl oper-
ators. We give an abstract account of the algebraic structure of the Weyl
operators, that Okay et al. exploit to define their cohomological invari-
ant. We then generalise their approach to any example of contextuality
with this structure. We prove at this general level that the approach does
not give a more complete characterisation of contextuality than the Cech

cohomology approach.

BGK’s quantum circuit and computational problem is derived from a
family of non-local games related to the well known GHZ non-local game.
We present a generalised version of their construction. A systematic way
of taking examples of contextuality and producing unconditional quantum

advantage results with shallow circuits.
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Chapter 1

Introduction

Quantum contextuality [Spe60, [KS75], and in particular nonlocality [Bel64], has been
highly influential in shaping our understanding of the distinction between quantum
and classical physics. Contextuality is a feature of the empirical data created by
measurement experiments. This is a key difference between contextuality and certain
other features of quantum mechanics, for example, entanglement and superposition,
which are internal to the theory itself. Because contextuality is an empirical phe-
nomenon it says something about any physical theory that is consistent with the
predictions of quantum mechanics. This is part of why contextuality was seen as so
profound, and in the era of quantum computing, it makes contextuality relevant for
proving quantum advantage. Because it is an empirical phenomenon it makes sense to
talk about classical models creating contextuality, but something like entanglement
and superposition doesn’t have any classical analogue.

No unconditional proof of quantum advantage is known for a general compu-
tational model. This appears to be well beyond the limits of current techniques. A
recent breakthrough by Bravyi, Gosset, and Konig (BGK) gave the first unconditional
quantum advantage result for a restricted class of circuits [BGK18|. A shallow circuit
is a family of circuits of bounded depth and fan-in. BGK explicitly defines a shallow
quantum family {@Q, }nen and a family of computational problems {GHZ-2D(n) }nen
that are solved perfectly by the quantum circuit, but not with high accuracy by any
classical shallow circuit.

It is well known that certain examples of contextuality can be recast as cooperative
games called nonlocal games. An example is Greenberger-Horn-Zeilling (GHZ) game
[GHSZ90l [CHTWTI0]. It was observed by BGK that quantum strategies for nonlocal
games can be recast as circuits (Figure[L.1). The computational problems GHZ-2D(n)
that BGK considered can be seen as “distributed” versions of the GHZ game played

on an n X n grid. This raises the question if every nonlocal game can be turned into a
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Figure 1.1: Circuit version of the the GHZ game. Inputs x1, z9, x5 € {0, 1} are selected
uniformly at random. A Haramard gate followed by two controlled not gates initialises
the state |GHZ) := |000) 4 |111). Each qubit is measured with measurement settings
0+ X,1~ Y. Outcomes y;,y2,y3 € {0, 1} are returned according to 1 + 0, —1 — 1.
The circuit wins if 21 @ xo B3 =1D y; D yo D ys.

family of “distributed” games, that gives rise to an unconditional quantum advantage
result with shallow circuits. We show that this is the case. We describe this result in
more detail in Section [[.2]

Cohomology can be a powerful technique for detecting structure in data. It could
therefore be a useful tool for studying the empirical data associated with contextu-
ality. Two prominent cohomological approaches to contextuality is the Cech coho-
mology approach introduced by Abramsky, Mansfield, and Barbosa [AMB12] and the
topological approach of Okay, Roberts, Bartlett, and Raussendorf [ORBR17]. The
Cech cohomology approach was further developed by, for example, Abramsky et al.
[ABM17], and by Caru [Carl8| [Carl7, [Carl9]. The insight that contextuality has
a topological structure [Man20] has lead to a range of results, for example, the ho-
motopical approach of Okay and Raussendorf [OR20], the connection with resource
theory made by Okay, Tyhurst, and Raussendorf [OTR1S], the classifying space for
contextuality [OS21], and more recent work by Okay, Kharoof, and Ipek has uncov-
ered the simplicial structure [OKI22].

The Cech cohomology approach is based on the sheaf theoretic framework of
Abramsky and Brandenberger, which describes contextuality as a feature of abstract
families of empirical data, known as empirical models [AB11]. The Cech cohomology
approach is very general. However, this generality comes at the cost of completeness.
The issue of completeness was a main point of interest in the later work of Abramsky
et al. and Caru. The topological approach lacks some of the generality of the Cech
approach. But the additional structure that the approach requires gives the poten-

tial for a more refined approach. In particular, we are interested in the possibility
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(a) Mermin’s square (b) Classifying space for Mermin’s square

Figure 1.2: (a) The set of quantum measurement operators known as Mermin’s square,
and (b) the associated classifying space of the topological approach. In (a) Each row
and column represents a context of commuting operators. In (b) each operator labels
a loop attached to a single point, and each context a surface.

that the structure used by the topological approach can help alleviate the issue of
incompleteness in the Cech cohomology approach.

In Section[I.1]we give an account of this structure used by the topological approach
within the sheaf theoretic framework. We show that Okay et al.’s invariant can be
generalised to any empirical model equipped with this structure. We then show that,
in fact, at this level of generality the two approaches are equivalent with resepect to

the question of completeness.

1.1 Comparing two obstruction for contextuality

In the sheaf-theoretic framework contextuality is seen as the failure of a locally com-
patible family of data to be given a globally consistent description. In sheaf theory
cohomology is a powerful tool for studying the transition from local to global. It is
therefore natural to consider the application of cohomological methods to contextu-
ality. Abramsky, Mansfield, and Barbosa [AMB12] shows that in a range of examples
contextuality can be detected by the non-vanishing of a cohomological invariant based
on Cech cohomology.

The sheaf-theoretic framework distinguishes between possibilitstic and probabilis-
tic empirical models. A possibilistic model only keeps track of which outcomes are

possible, and not their particular probabilities. The Cech cohomology invariant can



be defined for any possibilistic empirical model. However, it is generally not a com-
plete invariant for contextuality. There are so called “false negatives”, contextual
empirical models where the cohomological invariant vanishes. False negatives can oc-
cur because empirical models lack the required algebraic structure to directly define
the obstruction. An empirical model is a presheaf of sets, while Cech cohomology
requires a presheaf of abelian groups. Abramsky et al. therefore considers the Cech
cohomology of the free abelian presheaf associated with an empirical model.

The Cech cohomology invariant lead to further work on developing a complete co-
homological invariant for contextuality. It was shown by Abramsky, Barbosa, Kishida,
Lal, and Mansfield [ABKT15] that Cech cohomology is complete for a large class of
examples captured by generalised AvN arguments. Several other invariants have been
proposed, for example Roumen [Roul7] and Caru [Carl§].

The Pauli operators and their qudit generalisations known as Weyl operators have
a special role in quantum computing. They are used in for example error correcting
codes and measurement based quantum computing [NCI0]. It is well known that the
Pauli operators is a rich source of examples of contextuality, this is also the case when
d > 2, see for example De Silva for examples [dS17]. In dimension d > 2 the Weyl
operators form a group P, 4, called the generalised n-qudit Pauli group. P, 4 is closed

under the phase action of Zg.

Q:Zqgx Pog— Poa:(q,0)— wiO (1.1)

where w = e>™/4,
The topological approach of Okay et al. [ORBR17] studies sets of Weyl operators
that are closed under certain operations. A set of operators O C P, 4 is closed if it

satisfies the following conditions:
1. O contains the identity: I € O.
2. O is closed under the phase action: (Z4, O) C O.

3. O is closed under commuting products: If O, 05 € O and 0105 = 050, then
0,05 € 0.

Okay et al. show that questions about contextuality for closed sets of Weyl operators
can be given a topological characterisation (Figure [1.2). The result generalises an

earlier characterisation for Pauli operators by Arkhipov [Ark12].



The topological approach uses ideas from group cohomology. Recall that a group

extension of a group K by a group G is a short exact sequence of groups

G—s 013K (1.2)

generalising the direct product of groups G x K. A left splitting, right splitting, or
trivialisation are homomorphisms [, 7, h respectively making the following diagram

commute:
l r

w3 Y S D idi

Nl g

Gx K

Group cohomology is an elegant solution to the problem of classifying group exten-
sions for fixed G and K [Brol2].

A closed set of Weyl operators is not a group because it is not closed under
inverses and only under commuting products. However, Okay et al. shows that for
any such set one can define a classifying space similar to that of group cohomology.
Using this space they show that both state dependent and state independent proofs
of contextuality can be given a topological characterisation. They show that state
dependent and state independent contextuality can be detected by the non-vanishing

of a cohomology class.

Results We first give a more abstract account of the algebraic structure used by
Okay et al.’s approach.

A bundle over a commutative partial monoid is a generalisation of group extensions
to commutative partial monoids. A closed set of Weyl operators comes with the
structure of a bundle over a commutative partial monoid. Proofs of contextuality for
a closed set of Weyl operators correspond to extending local left splittings, defined on
a sub-bundle, to global left splittings defined on the whole bundle. For closed sets of
Weyl operators the problem of extending a local left splitting globally can therefore
be used as a test for contextuality.

We prove a version of the splitting lemma for commutative partial monoids, and we
generalise group cohomology to partial commutative monoids. The splitting lemma
shows that for the problems of extending either a local left splitting, right splitting,
or trivialisation of a sub-bundle to the whole bundle are equivalent. Furthermore, the
problem of extending a local splitting to a global splitting can be given a cohomological

characterisation.
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Figure 1.3: An interactive circuit (a) is a circuit with several rounds of inputs and
outputs. The circuit is evaluated by composing with a classical circuit as in (b).

We then generalise the cohomological obstruction to any empirical model with
the structure of a bundle over a commutative partial monoid. For such an empirical
model the problem of extending a local splitting is a test for contextuality. We can
therefore use the cohomological obstruction for extending a local splitting. There can
be global splittings that don’t correspond to valid outcome assignments. This raises
the possibility of false negatives.

We finally show that any false negative of the Cech approach induces a global
splitting that is not consistent with the model.

In summary, our results are:

e Closed sets of Weyl operators come with the structure of a bundle over a com-
mutative partial monoid. Local (resp. global) outcome assignments induce local

(resp. global) left splittings of the bundle.

e The topological obstruction can be generalised to a class of empirical models

equipped with the structure of a bundle over a commutative partial monoid.

e The vanishing of the Cech cohomology obstruction implies the vanishing of the

generalised topological obstruction.

1.2 A general construction of quantum advantage
with shallow circuits

Bravyi, Gosset, and Konig’s initial result was quickly improved in several ways. For
example, it was shown to be noise robust [BGKT20], and it was extended to the
more powerful classical circuit class ACO [WKST19], of circuits of bounded depth
and unbounded fan-in AND, OR, and NOT gates. It has also inspired several results
for interactive circuits, that is circuits with more than one round of input and output
[GS20].



ACO is currently at the edge of unconditional circuit separations for classical cir-
cuits. It, therefore, seems unlikely that the techniques used by BGK can be extended
to prove much stronger complexity theoretic results. However, in the lack of stronger
results, we should try to learn as much as possible.

BGK’s result extends an earlier result by Barrett et al. [BCET07]. An interest-
ing point is that after BGK’s result was published it was observed that Barrett et
al.’s construction solves an open problem about quantum advantage in distributed
computing [GNR19].

Nonlocality is a particular type of contextuality that arise in scenarios where
compatible measurements are performed at distinct locations called measurement
sites. We observe that nonlocality can be recast in terms of circuits. A quantum
realisation gives rise to a circuit (Figure that prepares an entangled state and
then implements local measurements. The circuit takes a classical input x; and returns
a classical output y; for each measurement site 7. There is no path through the circuit
nc from input z; to a different output y;, where @ # j. Qnc is contextual if it is not
equivalent to any classical circuit with the same inputs and outputs, such that there
is no path from an input to a different output (Figure .

A nonlocal game is usually thought of as being played by a set of spatially sep-
arated players against Verifier. We can equivalently think of a nonlocal game as a
computational problem where some quantum circuit of the form (Qn¢ achieves advan-
tage over any classical circuit of the form Cy¢. In a nonlocal game ¢ we randomly
select an input and an accepting condition (z1, ..., z,, A). We then evaluate the cir-
cuit on inputs 1, ..., x,. The circuit wins if (y1,...,y,) € A. The success probability
is the likelihood of the accepting condition being satisfied. A nonlocal game ® is

violated by a quantum strategy (Inc if there exists a bound ~ such that

ps(Cne, @) < v < ps(@nc, P) (1.4)

where pg denotes success probability and Cy¢ is any classical circuit of the same form.

Bravyi, Gosset, and Konig introduced a family of nonlocal games {2D-GHZ(n) },en
and a shallow quantum circuit {@Q,, }nen (Figure|1.5)). 2D-GHZ(n) is a version of the
GHZ-game played on an n x n grid. The circuit @Q,, prepares n? qubits in the graph
state of the n xn grid and applies classically controlled Pauli X, Y or Z measurements
to each qubit. It can be shown that the graph state can be prepreaed by a single
Hadamard gate on each qudit, and four layers of controlled Z gates. The circuit {Q,,}

is therefore shallow.



Figure 1.4: The quantum circuit (a) is contextual if it is not equivalent to any classical
circuit (b) of the same shape, with the ability to sample an arbitrary random seed
Zlyeeey Rl

The inputs and accepting condition is chosen by Verifier in the nonlocal game
2D-GHZ(n) is related to the inputs and accepting condition in the GHZ-game. At
the beginning of each round Verifier randomly selects inputs z 4, xg, x¢ for the GHZ-
game, nodes v4,vg,vc € Grid(n,n), and paths uap : va — Vg, upc : UV — Vo, UcA -
ve — va. Players vg,vp,ve are then given inputs x4, xp,rc and the remaining
players are given inputs that encode that paths uap,upc,uca. An output for the

players y1, ... y,2 is accepted if it satisfies a constraint

1A D2 O rc=1® (ya ®ka(y)) © (ys © kp(y)) ® (yo ® kc(y)) (1.5)

where y4, yp, yc are the outputs of va,vp, ve and ka(y), kp(y), kc(y) are “correction
factors” that only depend on the outcomes of players along the paths close to each
respective node.

BGK shows that for each n € N the game 2D-GHZ(n) is solved perfectly by the
quantum circuit @),, and that it is not solved with high accuracy by any classical

shallow circuit {C), }nen-

Theorem [BGK18|. The shallow quantum circuit {Qy, }nen solves the 2D-GHZ game
perfectly for all n. However, the 2D-GHZ game is not solved with high accuracy by

any classical shallow circuit {Cy, }nen.

ps(Qn, 2D-GHZ(n)) = 1 (1.6)
ps(Cn, 2D-GHZ(n)) < 3/4 + ¢, (1.7)

where ps denotes success probability and e, € O(1/n).

The key to BGK’s result is that single-qubit measurements on an entangled state
with only local entanglement can create entanglement between qubits that are far

away. Depth and fan-in constrain the nonlocal correlations that a classical circuit
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Figure 1.5: The 2D-GHZ game. The quantum circuit strategy (a) prepares n? qubits
in the cluster state of the n x n grid. It takes inputs z,...,x,2 € {1,2,3}, performs
controlled Pauli measurements according to 1 — X2 — Y 3 — Z, and returns
outcomes yi, ...,y € {0,1} according to 1 +— 0,—1 +— 1. The input is randomly
sampled as follows. First select nodes A, B, C' € nxn and paths uag, upc,uca C nxn
in a “sufficiently uniform” way. The circuit wins if the output y satisfies x qPxrpPrc =

L& (ya @ kaly)) @ (ys ® kp(y)) © (yo @ ke(y)), where ka(y), ks(y), ke(y) € {0,1}
depends only on the value of y close to A, B, C respectively.

can produce, but it also constrains the entangled states and the measurements that
a quantum circuit can use. Observe that in the circuit Cy¢ there can only be a
path from input x; to output y;, while in a circuit of depth D and maximal fan-in K
there can be a path from at most K inputs to any given output. As Verifier makes
different choices of players v4,vp, ve in the 2D-GHZ game this forces the depth and
fan-in of a classical circuit to be large. On the classical side it can be shown that
when the measurement along the paths uap, upc, uca are made, the effect is to create
an entangled |GHZ) state at qubits va,vp,ve, up to a local Pauli factors given by
ka, kg, kc. Furthermore, these corrections can be made classically post measurement.

In summary, the technique relies upon two key properties of the GHZ game: The
use of the GHZ state and Pauli measurements. The choice of state is important
because it can be realised by local measurements on a graph state in different ways,
and the measurements are important because it allows for the corrections k4, kg, ko

to be performed post-measurement.

Results We first present a quantum protocol that uses teleportation to both dis-
tribute an entangled state on a graph and perform measurements on the distributed
qudits (Figure[1.6). For any multi-qudit state ¢ with qudit ¢ and graph G with nodes
V' we consider a scenario where a number of agents I x V', one for each qudit of

and node of G, share entanglement. Each qudit of ¢ is held by some node on the
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Figure 1.6: Given a nonlocal game with players I and state v, and a graph G with
nodes V' we consider the scenario (a) consisting of players I x V, here each dotted
circle indicate a player and e a qudit in either a maximally entangled state or the
state 1. (b) By performing local measurement on the qudits held by each player we
can distribute each qudit, up to a random factor on each qudit, to any player on the
graph.

graph, and each pair of nodes (i,v), (i, w) such that v,w are adjacent in G share a
two-qudit entangled state. By choosing a path through the graph for each qudit we
can then distribute each qudit of ¥ to an arbitrary node on the graph, up to a random
single-qudit phase for each qudit. An important observation is that this can be done
in a constant number of rounds of quantum measurements.

We then consider the family of protocols arising from a fixed state and a family of
graphs. Using this construction we show that any nonlocal game gives rise to a family
of distributed games. We then show that for certain families of graphs distributed
games gives rise to unconditional quantum advantage results with shallow circuits.

We present two versions of this construction. The first is completely general, but
the distributed games have two rounds (Figure . It is a result about interactive
circuits (Figure . The second result is less general, but for circuits in the usual
sense having only a single round of inputs and outputs (Figure [L.8). In the second
result we consider nonlocal games with quantum strategies given by measurements of
single-qudit Weyl operators. Note that the states are still completely general.

The outline of the two results is as follows. Suppose that (Qxc, P) is any nonlocal
game with classical bound 7. For any family of graphs {G,,},en we define a family
of two-round cooperative games {®,}, and two-round interactive quantum circuits
{Qn}n, such that for each n € N the quantum circuit @),, violates the bound ~y. For
certain families of graphs we show that the quantum circuit is shallow and that a
classical shallow circuit {C,}, violates the bound 7 only up to a small factor e,.

Where lim,, ,,.€, = 0. The rate of convergence is a property of the graphs.

Theorem I (Informal). For any nonlocal game ® and quantum strategy Q) we de-

10



fine a family of two-round interactive games {®, }nen and a shallow two-round quan-

tum circuit {Qp tnen such that for any classical two-round interactive shallow circuit

{Cn}neN

Ps(@n, Pn) = ps(Q, ) (1.8)
pS(Cmq)n) S ’Y+€n (19)

for some small €,,.

Next, we show that if the quantum strategy uses only single-qudit Weyl mea-

surements (Figure [1.7)) then the number of input-output rounds can be reduced to

0) —
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Figure 1.7: A Weyl measurement strategy is a special quantum strategy using mea-
surements in the basis of Weyl operators. For dimension d > 2 and n-qudit state
1) the Weyl measurement strategy takes inputs py, ..., p, € Z2 and return outcomes
Q- -y qn € Zq of performing the single-qudit Weyl measurement W (p;) on qudit 7.

one.

Theorem II (Informal). For any nonlocal game ® and Weyl measurement strat-
egy Q we define a family of nonlocal games {®,}nen and a shallow quantum circuit

{Qn}nen such that for any classical shallow circuit {Cy }nen

ps(Qn, ®n) = ps(Q, P) (1.10)
ps(Cny ®n) <7+ 6, (1.11)

for some small €,.

where ¢, is a different bound.

1.3 Structure of this text

In Chapter 2 we present some technical background material on the sheaf-theoretic
framework. We then present the results on cohomology and circuits in Chapters 3

and 4 respectively, and we conclude with some remarks in Chapter 5.

11
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Figure 1.8: Let ¢ be an I-qudit state and G = (V, E,r) a rooted graph. The quantum
circuit strategy (a) prepares a single instance of 1) and a maximally entangled pair
of qudits |¢) := % for each 7 € I and edge e € E. The circuit has an input for
each (i,v) € I x V which controls a measurement on a subset of qudits. This subset
includes one of the two qudits of the state |¢) associated with each edge adjacent to
v, and when v = r also includes qudit ¢ of ¥. The possible measurement settings are
either a Weyl operator measurement on a single qudit, or a Bell basis measurement
on a pair of qudits. (b) In the nonlocal game Verifier selects inputs py, ..., p, and
an accepting condition A according to the nonlocal game ®. Verifier then randomly
selects a rooted path (vj,...,vy,) for each ¢ € I and sends each (i,v;,) the input
corresponding to a Bell basis measurement, and (7, vy, ) the Weyl measurement setting
p;. Verifier accepts the outputs p};, . .. ,p;(li_l), ¢ if (g1 —[p1,Pi)s s an—[Pn, P),]) € A,
where pj == piy + -+ py,-

12



0 A A
Y21
0)
0) U
10) TZJ,G / /7< / /7< Y2i
0)
Y2k
0) / A [ A
Y11 )
Y2i T2,
Y2k T2k
. 0 n 0 N
./\',\ 9.9 ,,' ‘{,
RN (50 (i) R
(b) (c)

Figure 1.9: Let ¢ be an I-qudit state and G = (V, E, r) a rooted graph. The quantum
circuit strategy (a) prepares a single instance of 1) and a maximally entangled pair of
qudits |¢) := % for each ¢ € I and edge e € E. The circuit first takes an input
for (i,v) € I xV which controls a non-destructive measurement on a subset of qudits,
it then takes another round of inputs for each (i,v) € I x V' which control destructive
measurements on each subset of qudits. For each (i,v) the subset of qudits which is
measured includes one of the two maximally entangled qudits associated with each
edge adjacent to v, and when v = r also includes qudit ¢ of ¢. In the first round
the measurement settings are either nothing or a Bell basis measurement on a pair
of qudits. In the second round the possible measurements are either nothing or a
conjugated measurement W (p)MW (p)" on a single qudit, where M is one of the
measurement settings. (b) In the nonlocal game Verifier selects inputs x, ..., z, and
an accepting condition A according to the nonlocal game ®. Verifier then randomly
selects a rooted path (v;1, ..., vy,) for each i € I and first sends each (7, vy,) the input
corresponding to a Bell ba51s measurement. If the outcomes of this are p;i, ..., pig,—1)
Verifier sends (i,v;,) the input for the conjugated measurement W (p;)M. W(pl f
where pj := pjy + -+ + pj;,. Verifier accepts the output y1,..., yn if (y1,... ,yn) €

NG

Y
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Chapter 2

The sheaf-theoretic framework

An early influential paper on contextually is John Bell’s famous paper on the Einstein-
Podolsky-Rosen (EPR) paradox [Bel64]. The “paradox” of EPR purportedly showed
that quantum mechanics should not be seen as a complete description of physical
reality [EPR35]. Bell’s insight could be understood to be that the incompleteness
highlighted by EPR is not simply a feature of quantum mechanics, but of any physical
theory that is consistent with the empirical predictions of quantum mechanics. Other
influential papers by Kochen and Specker [KS75], Mermin [Mer90], and Greenberger-
Horne-Zeillinger [GHSZ90], to mention a few.

This early work on contextuality focused on particular examples. Our interest in
contextuality stems from the wish to prove general connections between contextuality
and quantum advantage. It is therefore necessary to work with a more abstract defi-
nition of contextuality. Our approach uses the sheaf theoretic framework of Abramsky
and Brandenberger [AB11]. The sheaf theoretic approach is among several general
definitions of contextuality. For example, Robert Spekken’s ontological models frame-
work [Spe05], Cabello, Severini, and Winter’s graph theoretic approach [CSW14], and
the conteztuality by default approach of Dzhafarov, Kujala, and Cervantes [DKC15].
Further work on the contextuality by default approach was carried out by Dzhafarov,
Kujala, and Cervantes [DKCI15] and connections with psychology were investigated
by Dzhafarov and Kujala [DK16], to mention some. A graph theoretic approach that
refines that of Cabelo, Severini and Winter’s is the approach of Acin, Fritz, Leverrier,
and Sainz [AFLS15].

The sheaf theoretic framework has proved useful for linking contextuality to con-
straint satisfaction and database theory [AH12l, [Abr13].

In this chapter, we give an introduction to contextuality using the sheaf-theoretic
framework, and we introduce several technical notions that will be used in the fol-

lowing chapters.
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Figure 2.1: Let (X, M, O) be a measurement scenario. In an experimental run with k&
rounds a sequence of contexts{zi1,..., Tin }y-- s {Tk1s .- ., Thn, } € M satisfying Eq.
(2.1) are performed, giving outcomes {011, ..., 01, }, {01, - -, Okn, }-

Overview The two basic concepts in the sheaf theoretic framework are measure-
ment scenarios and empirical models. We introduce measurement scenarios in Section
and empirical models in Section [2.2] In Section [2.3] we define simulations, a class
of structure preserving transformations between empirical models. In Section [2.4.2
we introduce the Cech cohomology obstruction for contextuality. In Section we
define non-local games. In Section [2.6] we introduce the contextual fraction, and give

an example of a resource inequality.

2.1 Measurement scenarios

In the sheaf theoretic approach of Abramsky and Brandenberger [AB11] a measure-
ment scenario represents the abstract type of an experiment. In this type of experi-
ment some, but not necessarily all, combinations of measurements can be performed
together, either sequentially or in parallel (Figure . We will first give the general
definition and then consider two types of scenarios: quantum scenarios (Section [2.1.1)
and multipartite scenarios (Section [2.1.2)).

A measurement scenario is specified by a set of measurements, a family of subsets
called the measurement cover specifying which measurements are compatible, and a

set of outcomes for each measurement.
Definition 2.1.1. A measurement scenario is a tuple (X, M, {0, }.cx) where
e X is a set of measurements.

e M C P(X) is a family of subsets of measurements, called the measurement

cover, such that:

1. M covers X: Joep € = X.
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2. M is downwards closed: If C € M and ' C C then C' € M.
e (O, is a set of outcomes.
The elements of the measurement cover are called contexts.

Let (X, M, O) be a measurement scenario. Each context C' € M represents a set
of compatible measurements that can be performed either sequentially in any order, or
in parallel. We make the restriction that a measurement can only be performed once.
A sequence of contexts C,...,C, € M is valid if it has no repeated measurements

and its union is a context:

JCieM and CinCj=0 foralli+ (2.1)

A joint outcome s € [, .y O, to a subset of measurements is sometimes called a

local section. This assignment is called the event sheaf.

Definition 2.1.2. Let S = (X, M, O) be a measurement scenario. The event sheaf,
denoted by &g, assigns to each U C X the set of local sections E(U) := [],cp O, and
for each V' C U restrictions s € £(U) to a local section s|y by the usual functional

restriction.

Recall that a presheaf on a topological space X is a contravariant function F' :
X — Set. Here X is seen as a category with objects given by the open sets, and
morphisms inclusion. For each inclusion U C V' the map F(U C V) : F(V) — F(U)
is called the restriction map. A sheaf is a presheaf satisfying the following the sheaf
condition. A compatible family for the open cover U is a family{fy € F(U)}veu

whose restrictions on overlaps are compatible:
FUNV cU)(fv)=FUNV CV)(fy) (2.2)

for all U,V € U. The sheaf condition states that any compatible family arises as the

family of restrictions

fu=FU c X)(f) (2.3)

of some global section f € F(U).

16



2.1.1 Quantum scenarios

The first example of a measurement scenario that we work with arise from sets of
projective measurements. A projective measurement is a family of projectors M =
{M,}oco, where O labels the outcomes, such that ) _, M, = I. Two measurements

M = {M,}oco, and N = {N,},cp commute if their projective elements commute:
M,N, = N,M, foralloe O,peP (2.4)
A set of pairwise commuting projective measurements is said to be compatible.

Example 2.1.1. Let M be a set of projective measurements. (M, M,O) is the
measurement scenario with measurement cover the maximal subsets of pairwise com-

muting measurements, and outcomes O given by the outcomes of each measurement.

The n-Pauli group, denoted by P,, is the group of n-qubit unitary operators
generated by the single-qubit Pauli operators

]‘_10 101 10— {10
“lo1] %@ Tt o T i o =T |0 -1
We denote the application of the Pauli operator ¢, = o,,0,,0, to qubit 7 as
oh=1® - ®0,® &I (2:5)

recall that the single-qubit Pauli operators satisfy the commutativity relation

0,0,=—0,0, (2.6)
0,0, = —0,0, (2.7)
0,0,=—0,0, (2.8)

It therefore follows that two mn-qubit Pauli operators commute if and only if they
anti-commute at an even number of qubits. An n-qubit Pauli operator specifies a
projective measurement with outcomes {0, 1}. Two n-qubit Pauli operators commute,
and therefore their projective measurements there also commute, if and only if they

anti-commute at an even number of qubits.

Example 2.1.2. A quantum scenario (O, M, Z) is given by the set of two-qubit Pauli

operators
1 2 1.2
2 1 1.2
az Uz Uzoz (2 9)
1.2 1.2 1.2
0,0, 0,0, 0,0,

where each row and column make up a maximal context.
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Figure 2.2: Consider a multipartite scenario with two measurement sites with
measurement settings {a,a’}, {b,0'} respectively. The maximal contexts are then

{a,b},{a,0'},{V,d'},{b,a’}.

2.1.2 Multipartite scenarios

The second type of measurement scenario that we consider represents scenarios where
measurements can be performed independently at a number of locations (Figure .
This is sometimes called a non-locality scenario. We prefer the terminology “multi-
partite” because it avoids the implication that the locations are necessarily spatially
separated.

A multipartite scenario is specified by a set of measurement sites I, for each
measurement, site ¢ a set of measurement settings X;, and for each measurement
setting z € X; a set of measurement outcomes Y; ,. Two measurements are compatible
if and only if they belong to a different measurement site. First a comment about
notation. Recall that [, , X; is defined as

[[Xi:={G2)|ielzeX;} (2.10)

Definition 2.1.3. A multipartite scenario (I,X,Y) is the measurement scenario
(ILie; Xi, M, Y), where the measurement cover M is defined by

M:={Cc ][ Xi|(i,2),(i,2') € C =z =2} (2.11)

il

and Y; , is the set of outcomes for each (7, z).
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2.2 Empirical models

While a measurement scenario describes an experimental setup Abramsky and Bran-
denberger introduced the concept of an empirical model to capture the empirical data
generated in an experiment. They introduced two types of empirical models, captur-
ing different types of data. In Section we define probabilistic empirical models,
and probabilistic contextuality. In Section we define possibilistic empirical mod-

els, and possibilistic contextuality.

2.2.1 Probabilistic empirical models

For any set X write D(X) for the set of probability distributions over X. It is
sometimes convenient to write a probability distribution d € D(X) as a formal sum
d =23 ,cxd(x) -z over the elements of X. Note that D is a functor with action on

functions f : X — Y given by the pushforward

fo:DX) = DY) Y d(z) -z > dx)- f(z) (2.12)
reX zeX
Let S = (X, M,0) be a measurement scenario. Consider the assignment U —»
D(Es(U) of the set of probability distributions over the local sections at a set of
measurements U C X. Do &g : X°P — Set is a presheaf, but not in general a sheaf.
For each U C V and d € D(Es(V) the restriction map is the marginal distribution
dly € D(Es(V))

dly == > disly (2.13)

se€s(V)

where sy is the restriction of the section s to U.

Definition 2.2.1. Let (X, M, O) be a measurement scenario. A probabilistic empir-
ical model is a family of probability distributions e = {ec € D(E(C))}cem such that

CclC = 6C’|C’ = ec (214)
An experimental run for a scenario S = (X, M, O) is a sequence (C1, $1), ..., (Cy, Sn)
where (', ..., C, € M is a valid sequence of contexts and sy, ..., s, are local sections

for the respective contexts. If e is an empirical model then the probability of the run

is
e(C1,81, ..., Chy8y) i=e(C1U---UC,) (s U---Usy,) (2.15)
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Local compatibility is motivated by the “no-disturbance” principle in quantum
mechanics. For multipartite scenarios, this is more commonly called “no-signalling”.
Let M be a set of projective measurements and v a state. The measurement postulate
of quantum mechanics defines an empirical model e for the scenario (M, M, O) given
by

e( I TT Moan]el® (2.16)
MeC

The no-disturbance principle is the observation that the probability distribution given
by a context C' C M is independent of which other compatible measurements it is
performed in. Marginalising from the maximal contexts, therefore, gives the correct

behavior for quantum measurements.
For a multipartite scenario, the measurement settings are not themselves quan-
tum measurements. We, therefore, have to choose some interpretations of them as
quantum measurements. To ensure that the measurements are compatible we do this

on independent subsystems.

Definition 2.2.2. Let S = (I, X,Y’) be a multipartite scenario. A quantum realised
empirical model ey, , is given by an I-qudit state 1, and a single-qudit measurement

m(i,z) for each i € I, x € X; with outcomes Y; ;. ey - is defined by

Z ” ® (i x)s (4,2) }wHQ (2.17)
s€€s(C)  (i,x)eC
The following example of an abstract empirical model is taken from [ABI1].
Example 2.2.1. An empirical model for the two-partite scenario with measurement

sites A, B and measurement settings {a, a’}, {b, b’} respectively and outcome {0, 1} is

given by the table

A B (0,0 (0,1) (1,00 (1,1)
a bl 12 0 0 1/2
a b | 3/8 1/8 1/8 3/8 (2.18)
& b|3/8 1/8 1/8 3/8
a b | 1/8 3/8 3/8 1/8

The entries of the table give a probability to the outcomes of each maximal context.
If the measurement a is performed on its own, then the probability of 0 is 1/2, which

can be seen by marginalising from either context (a,b) or (a,b’).

) = P((a,b) = (0,1),(0,0)) = 1/2 + 0 (2.19)
) = P((a,t) = (0,1),(0,0)) = 3/8 + 1/8 = 1/2 (2.20)

P(a
Pla

0
0
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Contextuality Although Do &g : X°P — Set is a presheaf, it is not necessarily
a sheaf. There can be compatible families that do not arise as a family of restric-
tions from a global section. Probabilistic contextuality is defined as the failure of an

empirical model to be explained as a family of restrictions.

Definition 2.2.3. Let S = (X, M, O) be a measurement scenario and e an empirical
model. e is contextual if there is no d € D(Es(X)) such that for all maximal contexts
CeM,

ec =d|c (2.21)

An example of contextuality can therefore be thought of as a family of locally
compatible data that cannot be “glued together” to a consistent global picture of the

data. We now give some examples.

Example 2.2.2. Consider the multipartite scenario ({A, B}, {0, 1}, {0, 1}) with mea-
surement sites A, B and two measurement settings each with two outcomes. The

empirical model given by the following probability table is contextual.

A B|(00) (0,1) (1,0) (1,1)
a b|1/2 0 0 1/2
a b | 1/2 0 0 1/2 (2.22)
a bl 1/2 0 0 1/2
a bl 0 1/2 1/2 0

Proof. Suppose that there exists a probability distribution d over the global sections
whose restriction to each maximal context gives the table. From the probability table

we have that each of the following events occur with certainty:

dla=0b)=1 (2.23)

dla=1b)=1 (2.24)

dd=b) =1 (2.25)

dld =0b)=0 (2.26)

(2.27)

However, this is not possible because the constraints are mutually exclusive. O

Example 2.2.1 (The GHZ model [GHSZ90]). Consider the multipartite scenario
({0,1,2},{Zs}, {Z2}) with three measurement sites, two measurement settings at each

measurement site, and two outcomes for each measurement setting. Let |GHZ) :=
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\%(|000> + |111) and 7 the mapping of measurement setting 0 to a Pauli X-basis

measurement, and 1 to a Pauli Y-basis measurement
7= (i,0) —» X, (;,1) » Y (2.28)

The quantum realised empirical model eqpyz given by measurements 7 on the state
|GHZ) is contextual.

Proof. Write X for the total set of measurements, suppose that there exists a proba-

bility distribution d on the set of global sections g : X — Z, that gives the empirical

model eguz. |GHZ) is a +1-eigenstate of o 0703 while it is a —1-ecigenstate of 0,070,

0,000, and 0,005, With the identification {—1,1} = Zj this means that any global

section g : X — Zo satisfies

2.29
2.30
2.31
2.32

1 2 3 __
oL@l ®ad=0
1 2 3 __
oL@ ol®od=1

(2.29)
(2.30)
o, ®0.®0, =1 (2.31)
o, B0, @0, =1 (2.32)
However, summing them together results in 0 = 1. There is therefore no global section

g, and in particular no distribution d. O

Another famous example is the so-called CHSH model [CHSH69]. This illustrates
an important technique for proving contextuality. It uses an argument involving an

inequality satisfied by all non-contextual models.

Example 2.2.3 (The CHSH model). Consider the multipartite scenario (Zg, {Za}, {Z2})
with two measurement sites, two measurement settings at each measurement site, and
two outcomes for each measurement setting. The CHSH model, ecysy, is the empir-
ical model realised by the state ® := \%(|00> + |11)) and

(0,0) — Z,

0,1 X
o QO X (2.33)

(1,0) — A,

(1,1)— B

where

lag) = cosg\()) + sing|1>, lar) == —sing|0) —I—cos%]l} (2.34)
Ibo) := COS%|O) - smgu), Iby) = sing|0> +Cosg|1> (2.35)

Lemma 2.2.1. The CHSH model is contextual. For any non-contextual model the

sum Zz,y 21 D xy =y1 Aya < 0.75. For ecpgy the sum is cos? g ~0.85>0.75.
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| s 1,

y
(a) Hardy’s model (b) PR-box

Figure 2.3: Bundle diagrams of Hardy’s model and the PR-box. The points above
each measurement represents the two outcomes 0, 1 and the line segments the possible
joint value assigmnets allowed by each model. A global section corresponds to a
cycle visiting each measurement exactly once, for example the section (a,a’,b,0') =
(1,1,0,0) in (a). However, (a) is logically contextual at the local section (a,b) = (0, 0)
as can be seen. It can be seen that (b) is strongly contextual because no cycle visiting
each measurement once is possible. .

2.2.2 Possibilistic empirical models

Let d € D(X) be a probability distribution over a set X. The support of d is the
subset |d| ;== {x € X | d(z) > 0}.

Observe that examples [2.2.2] and [2.2.1] we do not refer to particular probabilities.
The proofs show that there is no global section s € £¢(X) that is consistent with

the support of the models. Given any probabilistic empirical model e we can “forget”
about the probabilities and only consider the family of supports {|ec| C Es(C) }oem. -
This is an example of a probabilistic empirical model. Probabilistic empirical models

can be seen as presheafs in the following way.

Definition 2.2.4. A possibilistic empirical model S : (X, M, O) is a subpresheaf of
Eg such that

1. Every compatible family for the measurement cover M induces a global section.

2. S is flasque beneath the cover: If C,C" € M and C C C’ then every s € S(C)

is the restriction of some s’ € S(C”).

Note that although any probabilistic empirical model gives rise to a probabilistic
empirical model, the converse is not necessarily true. Not all possibilistic empirical

models is the support of a probabilistic model.
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Possibilistic empirical models can be represented as boolean tables. An example is

given by the Hardy model

A B[ (00 (0,1) (1,0) (1,1)

a b 1 1 1 1

a bl 0 1 1 1 (2.36)
a’ b 0 1 1 1

a’ b’ 1 1 1 0

and the Popescu-Rohrlich (PR) box.

A B (0,00 (0,1) (1,0) (1,1)

a b 1 0 0 1

a | 1 0 0 1 (2.37)
a’ b 1 0 0 1

a’ b’ 0 1 1 0

In the possibilistic setting there are two natural forms of contextuality that we

can consider. Logical and strong.

Definition 2.2.5. Let § be a possibilistic empirical model for a measurement scenario

(X, M,0). We say that S is

e logically contextual at s € S(C) if there is no global section g € S(X) such that

gle = s.

e logically contextual if S is logically contextual at some local section. Otherwise,

it is non-contextual.
e strongly contextual if S has no global section: S(X) = .

We consider three types of contextuality forming a hierarchy:
Probabilistic Contextuality < Logical Contextuality < Strong Contextuality (2.38)

Possibilistic empirical models can be represented by bundle diagrams. When an
empirical model is represented as a bundle diagram logical and strong contextuality
have particularly elegant interpretations. Logical contextuality is the failure of a

single line to extend to a path, and strong contextuality is the property of every line
extending to a path (Figure [2.3]).

Lemma 2.2.2. The Hardy model 15 logically contextual, but not strongly con-
textual. The PR-box is strongly contextual.

Proof. This can be seen by inspecting the bundle diagrams. O]
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2.2.3 State dependent contextuality

Let M be a set of projective measurements, C' C M a context of commuting mea-
surements, and v a state. An outcome assignment s for C' is consistent with 1 if s

has non-zero probability according to the measurement postulate

[T M) #0 (2:30)

MeM

Definition 2.2.6. Let M be a set of projective measurements and v a state. The

state dependent model Sar,y is the possibilistic empirical model
Smy(V) :={s € Emmo(V) | s is consistent with ¢} (2.40)

The set of measurements M is state dependently contextual if Sar,y is contextual
for some state ¢. An example of a state-dependent contextuality proof is the GHZ-

example.

2.2.4 State independent contextuality

For some sets of quantum measurements, the state ¢ is not needed for the proof of

contextuality.

Definition 2.2.7. Let M be a set of projective measurements. The state independent

model Sx is defined at any below the cover by
Sx(V) :={s € Emmo(V) | s is consistent with some state} (2.41)

The set of measurements M is said to be state-independently contextual if Sx is

contextual.

Example 2.2.2 (Mermin’s square [Mer90]). Let Sx : (X, M, Z,) be the state inde-

pendent model induced by the set of measurements displayed in Mermin’s square

ol o2 olo? 1
o? ol olo? I

oro? olo? a; 05 I
I I —1I
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{z11,..., Tin, } {yi, -y, }
-«

{o11,...,01n, } {p11,...,piny }

{Zk1,- ., Thny, } {yk1, - Ykny,
-« -« T
- @ »

{0k1, -, Okny } {pr1,---, Phny }

Figure 2.4: Consider a setup involving two measurement scenarios S =
(X, M,0), T =(Y,N,P). A simulation from S to T' maps each measurement y € Y’
to a measurement protocol on S, and each possible outcome of this protocol to an
outcome p € P,. This induces a map on empirical models of S to empirical models
of T.

Observe that the measurements displayed in any row or column My, My, M3, M, de-
fines a context and furthermore satisfies My My M3 = My, where My = +1. By Lemma

2.1 any local section s € S(C') therefore satisfies one of the following equations

or@oidole?=0 (2.42)
ol@ ot dole? =0 (2.43)
o Poidolol=0 (2.44)
ol@oi®olol =0 (2.45)
orol @ olol @ a;az =0 (2.46)
olal @ ola’ @ 0305 =1 (2.47)

Any global section g € Sx(C) therefore simultaneously satisfies all equations. How-
ever, these equations are mutually inconsistent. Summing together all of the equa-
tions gives 0 = 1, because each measurement appears in exactly two equations. Sy

is therefore strongly contextual.

2.3 Simulations

The motivation behind introducing simulations is to equip the sheaf-theoretic frame-
work with a class of structure-preserving transformations. The problem of what the
right notion of structure-preserving transformation is for empirical models was con-
sidered by Karvonen [Karl9]. The work of Karvonen later formed the basis for the
more developed idea of simulation laid out by Abramsky, Barbosa, Karvonen, and
Mansfield [ABKM19a]. See also For further work on simulations see the work of Bar-
bosa, Karvonen, and Mansfield [BKM21] and Abramsky, Barbosa, Karvonen, and
Mansfield [ABKM19b)].

26



The notion of simulation that we present here was defined by Abramsky et al.
[ABKM19a], based on earlier work by The idea of studying examples of contextuality
up to a class of structure-preserving transformations have also been considered by
others, for example Amaral et al. [ACCAIS].

Informally, a simulation s from a measurement scenario S to another scenario T'
describes how we can translate measurements on 7' into measurements on S, and
outcomes of these measurements on S into outcomes in 7' (Figure [2.4). This defines
a map at the level of empirical models called the pushforward.

This section is structured as follows. In Section[2.3.1we introduce the most simple
example of a simulation, deterministic single-round simulations. We then introduce
measurement, protocols, describing adaptive sequence of measurements. We finally

present the general notion of simulation.

2.3.1 Single-round simulations
We will now present the notion of simulation that Karvonen [Kar19] considered.

Definition 2.3.1. A deterministic single-round simulation from a measurement sce-
nario S = (Xg, Mg, Og) to another measurement scenario 7" = (X7, Mz, Or) is a
pair
[ Xr— Ms (2.48)
g = {gy : gS(f(x)) - (OT)x}xeXT (249)

such that (J,. f(z) € Mg for every C' € My.

Let e be an empirical model for the scenario S. The pushforward (f, g).(e) is then

the empirical model for the scenario 7', defined by

(£ 9)C) = > elUeaf(@))(s) - (@ guls]s) (2.50)

s€€5(Uzec f(x))

for all contexts C'in T'. Suppose now that e is non-contextual, and therefore a convex

combination of global sections

()= 3 pe-Ne (251)

AEE(Xs)

(f,9)«(e) is then a convex combination

(f,9)+(e)(C) = Z P gu (M pw)) (2.52)

AEE(Xs)
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If we define the global section X € Er(Y') by

N(y) = gs(Ne,) (2.53)
for each global section A € £(Xg), then
g M) = Nlo (2.54)

hence e is a convex combination of global sections, and hence non-contextual.

We, therefore, observe that if translate each measurement y € Y into a fixed
measurement f(y) C M that is independent of the measurement context that y is
performed in, then the induced map on empirical models preserve non-contextuality.
A simulation extends this in two ways, by allowing for randomness and several rounds

of measurements.

2.3.2 Measurement protocols

While Karvonen initially only considered single-round simulations it is natural to
consider simulations with more than one round of measurements. To capture this
Abramsky, Mansfield, Barbosa, and Karvonen introduced what they called measure-
ment protocols.

A measurement protocol of length n on a measurement scenario S

C= {Cla ce 7Ci(31a cee 7Si—1)7 ceey Cn(Sh ceey Sn—l) € MX}SIECI7-~~7(517~--73n—1)€Cn—2(517~--,3n—2)
(2.55)

represents a deterministic strategy that someone can follow to perform measurements
on S, in an adaptive way. The measurement setting C; is a function of the previous
1 — 1 measurement outcomes. We require that for all outcomes si,...,s,_1 the se-
quence of contexts is valid, that is satisfying Eq. . We write MP,,(S) for the set
of measurement protocols of length n. A run of an adaptive measurement sequence
{Ci(s1,...,8i—1)}nen is a sequence of contexts and local sections {(U;, $;) }nen such
that s; € E5(U;) and U; = Ci(sq,...,8,.1) for all i € N. We write E5(C') for the set
of runs of a measurement protocol C'.

A set of measurement protocols {C7},c; that can be performed in parallel is said
to be compatible. For any compatible set of measurement protocols {C?},c; their
parallel product is denoted by ®;c;CV.

When a measurement protocol C' is performed the outcome is a run. By the

no-disturbance assumption the probability of a given run can be defined by
e(C)(r)=e(UhU---UU,)(s1U---Usy) (2.56)

where r = {(U;, s;)}, is a run.
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2.3.3 General simulations

The idea of describing probabilistic simulations as probability distributions over de-
terministic simulations is how Karvonen described simulations. Although only for
single-round simulations. Later this was also how Abramsky, Barbosa, Mansfield,
and Karvonen formalised probabilistic simulations with more than one round.

We now define deterministic n-round simulations, and general simulations as prob-

ability distributions over deterministic simulations.

Definition 2.3.2. A deterministic simulation from a measurement scenario S to

another measurement scenario 7' of depth n is a pair (f, g) where

e f: Xy — MP,(5) is a function such that {f(z)}.cc is compatible for all
C e Mr.

o g={g,:E(f(z)) = (Or)z}rex, is a family of functions.
Let S = (X, M,0), T = (Y, N, P) be two measurement scenarios, and t = (f, g) :

S — T a deterministic n-round simulation. For each context C' € N write fo for the

parallel product of the measurement protocols { f(y)}yec

fo = @yecf(y) (2.57)
The family of functions {g, },cc defines a function
go : Es(fe) — Er(C) (2.58)

defined at each y € C by the function g,. For any empirical model e of S we define the
pushforward ¢.(e) to be the empirical model for the scenario T given by the convex
combination
tle)e= Y elf(O)r)-gelr) (2.59)
re€s(F(C))

for each context C of T

Definition 2.3.3. Let S and T be measurement scenarios. An n-round simulation
from S to T, denoted s : S — T, is a probability distribution over the set of deter-

ministic n-round simulations from S to 7.

We generalise the definition of the pushforward model by taking the convex com-

bination of empirical models:

sd(e) = > s(t)-t(e) (2.60)

t:S—T

where s =), o 7 5(t) - t is a simulation, and e is an empirical model.
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2.4 The cohomology of contextuality

A cohomology theory assigns an algebraic invariant to each element of some class
of objects. Cohomology theories are useful when one can find invariants that can
be computed easily, yet characterise an important property of the objects we are
studying. An example is the simplicial cohomology of a topological space. Using for
example triangulation we can compute the simplicial cohomology of a large class of
spaces. In topology this is an invaluable tool for resolving many questions in a simple
way.

In the sheaf-theoretic framework, a possibilistic empirical model is a sheaf of sets
S : X°? — Set. Contextuality is seen as the failure of a local section s € S(C) to ex-
tend to a global section g € S(X). For presheafs of abelian groups F : X°®» — AbGrp
this transition from local to global is characterised by a cohomological obstruction. It
is therefore natural to consider if this obstruction can detect contextuality. Abramsky
et al. showed that this is the case in a range of examples [AMBI12], but also that it
is not complete. A more precise characterisation of the class of models where it is
complete was later given [ABK™15].

In this section we present the Cech cohomology obstruciton of Abramsky et al.
[AMBI12]. We first define the cohomology groups of a cochain complex in Section
. In Section we define the Cech cohomology groups of a presheaf of abelian
groups. In Section we define the obstruction for contextuality.

2.4.1 Cohomology groups of a cochain complex

To define the cohomology groups of an object we use a family of abelian groups

connected by homomorphisms. This is called a cochain complez.

Definition 2.4.1. A cochain complex is a sequence

0= 0 _d o _d 2 &, (2.61)

where C° C!,... are abelian groups, and d°,d',... are homomorphisms such that
d" o d” = 0. The elements of C™ are known as the n-cochains and d” is the n’th

coboundary map. im(d") are the n-coboundaries and ker(d"™) the n-cocycles.

The requirement that d"*! o d® = 0 equivalently says that every n-coboundary is
an n-cocycle, im(d") C ker(d"*!). A sequence such that im(d") = ker(d"™!) is said

to be exact at n. Cohomology measures the failure of a sequence to be exact.
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Definition 2.4.2. The n-th cohomology group is the quotient of the coboundaries
to the cocycles. H" := im(d")/ker(d"!).

The cohomology class [x] € H™ of a cocycle z can be thought of as an obstruction
for x to be a coboundary, because [z] = 0 if and only if = is a coboundary.

When we assign a cochain complex to some mathematical object it is common
to use a free construction. This free construction loses some of the structure of the
original object. However, it can also be the case that the cohomology groups capture
some interesting feature of the object. The classic example is simplicial cohomology,

which relates to the number of “holes” in a topological space.

2.4.2 Cech cohomology

Let X be a topological space, and F : X°°» — AbGrp a presheaf of abelian groups.
In this section we define the Cech cohomology groups of F. To do this we assign to
F a cochain complex. This complex is defined using an open cover U of X. First, we

define an object encoding the combinatorial structure of the open cover.

Definition 2.4.3. Let U be an open cover of a topological space X. The n-simplices

of the nerve of U, denoted by N, (U), are n + 1-tuples of intersecting open sets.
N, U) = {(Uy,...,U,) eU" ™ | Uyn---NU, # 0} (2.62)
The boundary maps 0; : N,,11(U) — N, (U) remove the i’th open set:
0 :: (Uoy ... Ups1) = (Uoy .., Ui, Uisny oo Upyy) (2.63)
Let |(Ug,...,Upy)| :=NU;.

Definition 2.4.4. Let X be a topological space, U an open cover of X and F a
presheaf of abelian groups on X. The Cech cohomology group H "(F) is the n’th

cohomology group of the cochain complex
020 oo, F) -2 o\, F) 4 2, F) L . (2.64)
where
e The n-cochains C"(U, F) := Dyen, iy F (U]
e The coboundary map d*(w)(U) := 30, (—1)'"F(|o,U| € U)(w(8;U))
It can be verified that d?™! o d? = 0.
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2.4.3 The obstruction to the extension of a local section

Let S = (X, M,0O) be a measurement scenario, S a possibilistic empirical model,
and so € S(Cp) a local section. We define the Cech cohomology obstruction for sy to
extend to a global section.

We can give S the structure of an abelian presheaf by composing with the the
functor Fz : Set — AbGrp assigning to each set X the free abelian group on X,

that is, the group of formal linear combinations of X.

Fp(X) = {Z ky - x| ky # 0 for finitely many x € X} (2.65)
Fo(f: X =Y) =) ke Y ko f(2) (2.66)
zeX zeX

Let F := F; 0S. Note that even though S is a sheaf, F is generally only a
presheaf.

The construction employs two auxiliary presheaves. For any subset U C X we
define F|¢, to be the restriction of each U to U N Cy, and F, assigns to each U the

subset of elements whose restriction to U N Cj vanishes.
Definition 2.4.5. Let F be an abelian presheaf and Cj an open set.
Fe, U ker F(UNCy CU) Flg, = U F(CoNU) (2.67)

At any U C X these presheaves are related to F by a sequence

resUm
0 —— Fg,(U) —— F(U) —23 Fle,(U) — 0

which in fact is exact, because F is flasque beneath the cover. When lifted to the

level of cochain complexes it, therefore, gives rise to a short exact sequence
0 —— C*(M, Fg,) — C*(M, F) —— C*(M, Flg,) —— 0

Using standard techniques from homological algebra this short exact sequence of

cochain complexes induces a long exact sequence of cohomology groups

0 — H°M,Fs) — H'(M,F) — H* (M, Fle,) 7

5

[—> Hl(M,}'éO) — HY(M,F) — H'(M,S|g,) — -

where v is the connecting homomorphism. For details about this see for example
[Weid4]. Using the identification F(Cy) = H*(M, F|¢,) we define the obstruction for
so to extend to a global section to be y(1-s9) € H'(M, Fg,).
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Lemma 2.4.1 ([AMBI12]). If the cover M is connected!] then v(1 - so) = 0 if and
only if 1 - sy extends to a compatible family of F;S.

Definition 2.4.6. Let S : (X, M, O) be a possibilistic empirical model and s, €
S(Cp) a local section. The cohomological obstruction to sq lifting to a global section

is the cohomological obstruction to 1 - sy extending to a compatible family in Fj, 0 S.

Observe that if sy extends to a global section s in S, then 1-sg extends to a global

section 1 - s in F, hence the obstruction is sound.

Lemma 2.4.2. The Cech cohomology obstruction for contextuality is sound: Ify(g) #
0 then S is logically contextual at s.

2.4.4 Generalised AvN arguments

The Cech cohomology obstruction is not complete. There are so-called false negatives,
contextual empirical models where the obstruction vanishes. The approach detects
contextuality in many cases, but an example where the approach is not complete is
Hardy’s paradox. Work has been carried out by Caru on understanding false negatives
and refining the approach [Carl§].

The Cech cohomology obstruction is complete for a large fragment of models
that can be described by generalised AvN models. Abramsky et al. [ABK™15] take
this terminology from Mermin [Mer90] who used the term “all versus nothing” to
describe his proof of contextuality. These proofs can be understood as exhibiting
an inconsistent set of equations over Zs that is locally satisfied by the model. The
all versus nothing terminology was also used by for example Cabello [Cab01]. The
Cech cohomology obstruction is complete for the generalised AvN models, the class

of models that locally satisfies a system of inconsistent equations over any ring R
[ABK™15].

Definition 2.4.7. Let (X, M, R) be a measurement scenario where R is a ring. An
R-linear equation is a triple (C,r,a) where C' € M is a context, r : C'— R assigns a

coefficient in R to each z € C, and a € R is a constant. A local section s : C' = R
satisfies (C,r,a) if

> r(z)-s(x)=a (2.68)

zeC

where - denotes multiplication in R.

Yi.e. All pairs C,C’ € M are connected by a sequence Cy = C,C,Cs,--- ,Cp_1,Cp, = C'
with C;NCiy1 # 0. This assumption is harmless because non-connected components are completely
independent in terms of contextuality. Incidentally, all of the scenarios we will consider are connected.
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Figure 2.5: The Magic Square game. Alice and Bob each hold one of the two qubits of
two maximally entangled states ¢. Verifier sends Alice and Bob a,b € {1,2,3}. Alice
performs the three observables (M, My, M3) in column b of (b) and Bob performs
the observables in row a. Given outcome x = (x1, 22, x3),y = (Y1, Yy2,ys) they win if
r1ProDrs=1and y; Dy, ®y3 =0, and x, = y,.

Let S be an empirical model. The R-linear theory of S is the set of all R-linear

equations that are consistent with S.

Thg(S) = U {(C,r,a) | s satisfies (C,r,a) for all s € S(C)} (2.69)
ceM
Definition 2.4.8. § is AvNp if its R-linear theory is inconsistent. i.e. there is no
s : X — R such that s|¢ = ¢, for every context C' € M and formula ¢ € Thg(S) at
C.

Theorem 2.4.1 (JABK™15]). If S is AvNg then v(1-s) # 0 for all C € M and
s e S(0).

2.5 Witnessing contextuality through cooperative
games

There are different ways of proving that an empirical model is contextual. For exam-
ple, using inequalities [CHSH69, Bel64] or using systems of logical formulas [Mer90].
A systematic treatment of contextuality proofs is given by Abramsky and Hardy
[AH12]. It is well known that certain contextuality proofs can be recast as coopera-

tive games known as non-local games. For example, the Magic Square game (Figure

[CHTWTa.
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In this section, we first define cooperative games and non-local games. We then
explain that simulations can be used to translate a cooperative game from one scenario

to another.

2.5.1 Cooperative games

Let S = (I, X,Y) be a multipartite scenario.

A game is played by I, thought of as players, against Verifier. A game is played
over one or more rounds of the following form. Verifier sends each player i € I’
in a subset I’ C, a value x; € X;, and each player responds with a value y; € Y.
We assume that the players are not allowed to communicate and that each player is
sent at most one value. A strategy for Verifier is therefore an n-round measurement
protocol C', and a strategy for the players is an empirical model e.

At the beginning of each game Verifier randomly selects a strategy C' and an
accepting condition A C Eg(m). The goal of the players is to maximize the probability

that their responses sy, ..., s, satisfies the accepting condition.

Definition 2.5.1. Let S = (I, X,Y) be a multipartite measurement scenario. An
n-round game is a convex combination ® = > co\ip (5 aces(c) Pea - (M, A). The

success probability of an empirical model e is

ps(e, @) := > D¢ ae(C)(A) (2.70)
CeMP,(S),ACEs(C)
A non-local game is a single-round cooperative game along with a quantum strat-

egy exceeding that of any non-contextual strategy.

Definition 2.5.2. Let S = (1, X,Y’) be a multipartite scenario. A non-local game is
a pair (e, ®) where e is a quantum realised empirical model, and & is a single-round

game, such that there exists a « such that for all non-contextual empirical models

eNc
ps(enc, @) < v < ps(e, D) (2.71)
the least such ~*, is called the classical upper bound.
A well-known example is the Greenberger-Horne-Zeillinger (GHZ) game [GHSZ90].

Example 2.5.1. The GHZ game is played by three players A, B, C. Verifier selects
inputs x4, rp,xc € Zy with uniform probability. The players win if their outputs

Ya, YR, Yo € Zo satisfies
AGHZ(IA; B, IC)(yAa YB, yC’) < xa4VIpVaIrp=ysPys P yc (2'72)
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Figure 2.6: The pullback of a game . Consider a game where Verifier plays against a
set of players Y. Verifier sends Y a context C', the players then interact with another
set of players X through a measurement protocol f(C'). If the result of f(C) is a
run r then they respond with go(r) to Verifier. Verifier accepts if go(r) € A satisfies
the accepting condition. This game is equivalent to the game where Verifier interacts
directly with X by performing the measurement protocol f(C) and accepts a run r
if r € g5 (A).

A winning quantum strategy is given where each player performs a Pauli X measure-
ment if the input is 0 and a Pauli Y measurement if the input is 1. However, any

non-contextual strategy solves the game with at most 3/4.

2.5.2 The pullback of a game

Let S and T be measurement scenarios, and s : S — T an n-round simulation. We
have explained that s induces a map on empirical models going from S to T, called
the pushforward. Simulations also have a natural action on games (Figure . The
pullback s* maps k-round games of T to kn-round games on S.

The defining property of the pullback is that for any empirical model e of S and
game ® of T', the success probability of e on s*(®) is the success probability of s, (e)

on &:

ps(e, s*(P)) = ps(s«(e), P) (2.73)
We can define the pullback directly as follows.

Definition 2.5.3. Let S and T'= (Y, N, P) be measurement scenarios, s : S — T an

n-round simulation, and ® a single-round game. The pullback s*(®) is the n-round
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Figure 2.7: In the resource view we think about an empirical model as a resource
that can be consumed by a classical algorithm solving a computational problem.

game for the scenario S, defined as

5(®) = > s(f.9)®c.a - (fe, 96" (A)) (2.74)
(f,9):S—T,CEN,ACE(C)

where ®¢ 4 is the probability of Verifier selecting the context C' and accepting con-

dition A, s(f,g) is the probability of the deterministic simulation (f,g) given by s,

and fo € MP,(S5), gc : Es(fc) — Er(C) are the maps defined by the deterministic

simulation.

2.6 The contextual fraction

The contextual fraction is a measure of contextuality introduced by Abramsky, Bar-
bosa, and Mansfield [ABM17]. See Barbosa, Douce, Emeriau, Kashefi, and Mansfield
for a generalisation of the contextual fraction for continuous variables [BDE™22].
The contextual fraction was motivated by the consideration of situations where a
source of contextuality is consumed to solve a computational problem (Figure .
Abramsky, Barbosa, and Mansfield observed that several results of this type can be

refined to give resource inequalities on the form
pr = (1= CF(e))v(f) (2.75)

relating the degree of failure pr in a situation where an empirical model e is consumed
to solve a problem f, to the contextual fraction CF(e) and some intrinsic measure

v(f) of the hardness of f.
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An example of such a resource inequality arises from measurement-based quantum
computing (MBQC). In MBQC a classical control computer that can only perform
mod-2 linear computations interacts with an empirical model. Raussendorf [Raul3]
building on Anders and Browne [AB09] showed that any MBQC that can compute
a non mod-2 linear function requires a strongly contextual empirical model. This
was later refined into a resource inequality relating the contextual fraction to the
likelihood of an MBQC computing a non-mod 2 linear function.

In this section, we first define the contextual fraction and then show that non-
local games give another example of a resource inequality. The contextual fraction
is a measure of contextuality that can be seen as the fraction of an empirical model

that cannot be explained by a non-contextual model.

Definition 2.6.1. Let e be an empirical model. The non-contextual fraction of e,
denoted by NCF(e), is the greatest e such that e is a convex combination of a non-

contextual empirical model e’ and another empirical model e”.
e=¢c-e+(1—¢)-¢ (2.76)
The conteztual fraction, denoted by CF(e), is defined as 1 — NCF(e).

Let S be a measurement scenario and ® a game such that the success probability of
any non-contextual empirical model is at most . The violation of v by any empirical
model e : S is at most CF(e).

Lemma 2.6.1. Let (P, e) be a non-local game with bound . For any empirical model

e’ the violation of v by €' is bounded by the classical limit and the contextual fraction.

ps(e, @) < v+ CFe) (2.77)
Proof. Let e be an empirical model. We can write e as a convex combination
e=CF(e)-¢ + (1 —CF(e)) - exc (2.78)
where enc is non-contextual. The success probability of e is then
ps(e, ®) = CF(e)ps(e’, @) + (1 — CF(e))ps(exc, ) (2.79)

The success probability of ¢’ is at most one, and the success probability of exc at

most 7. Therefore

ps(e, ®) < CF(e) + (1 — CF(e))y (2.80)
< v+ CF(e) (2.81)
[
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Chapter 3

Comparing two obstructions for
contextuality

Cohomological invariants can be a powerful mathematical tool. Abramsky et al.
[AMB12, [ABK*15] showed that a cohomological invariant based on Cech cohomol-
ogy can detect contextuality in a range of examples. However, the Cech cohomol-
ogy approach is generally not complete. There are instances of contextuality, called
“false negatives”, where the cohomological obstruction vanishes. In this chapter, we
compare the Cech cohomology approach to a different cohomological approach for
detecting contextuality.

The topological approach of Okay, Bartlett, Roberts, and Raussendorf [ORBR17]
studies certain sets of quantum measurement operators. Recall that for any dimension
d > 2 the single-qudit Weyl operators are a set of d? unitary operators generalising
the Pauli operators. The generalised n-qudit Pauli group is the group of operators

generated by n-fold tensor products of single-qudit Weyl operators.

Definition 3.0.1. For any dimension d > 2, and py,p; € Z2 the single-qudit Weyl
operator W (p1, pa) is defined by

W (p1,p2) = |j) = W[ + p1) (3.1)

2mi/d

where w = e . The n-qudit generalised Pauli group P, 4 is the group of operators

on the form
wIW (p11,p12) @ -+ @ W(pn1, pn2) (3.2)

where pi1, P12, - - -, Pnis P2 € Zg.

The topological approach studies sets of n-qudit Weyl operators that contain the

identity operator, is closed under commuting products and w?-phases.
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Figure 3.1: Examples of classifying spaces taken from Okay et al. [ORBR17]. (a) is
the GHZ proof, (b) Mermin’s square.

Definition 3.0.2. A set of n-qudit generalised Pauli operators O C P, 4 is closed if
1. O contains the identity operator: I € O.

2. O is closed under commuting products: If O1,05 € O and O105 = 050, then
0.0, € O.

3. O is closed under {w*}-phases: If O € O and k € Z,4 then w*O € O.

For any closed set of Weyl operators Okay et al. defines a topological space (Figure
. They show that key properties of the set of operators are reflected in the topology
of this space. One of their results is that both state-dependent and state-independent
contextuality can be detected by the non-vanishing of a cohomology class. Recall that
each n-qudit Weyl operator W (py,p2) # I has d distinct eigenvalues w?,. .. wé L.
Under the identification w’ + i each Weyl operator defines a projective measurement
with outcomes Zy4. A state-dependent or state-independent contextuality proof is a

proof that either the state-dependent or state-independent empirical models
8(9 : (O, M, Zd), S@’w : (O, M, Zd) (33)

are contextual.

In this chapter, we consider the following problem. What is the minimal structure
required to define the topological obstruction at the level of empirical models. Sec-
ondly, assuming that the topological obstruction can be defined, are there instances
where the Cech cohomology obstruction vanishes, but the topological obstruction

does not?
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3.0.1 Structure of chapter

In Section we introduce bundles over commutative partial monoids and we prove
the splitting lemma, relating left splittings, right splittings, and trivialisations. In
Section we define the cohomology of a commutative partial monoid. We show
that the problem extending a local right splitting of a bundle is characterised by
a cohomological obstruction. In Section we introduce a class of measurement
scenarios and empirical models generalising closed sets of Weyl operators. We show
that for any such empirical model a cohomological obstruction can be defined. Finally,
in Section [3.4| we show that this obstruction is not stronger than the Cech cohomology

obstruction.

3.1 Bundles over commutative partial monoids

In this chapter, we are working with commutative groups, monoids, and partial
monoids. We will therefore ommit the word commutative to avoid unnecessarily
complicating terminology.

Recall that if G and H are groups then a group extension of H by G is a sequence

of groups and homomorphisms

G—sH-—13K (3.4)

such that ¢ is injective, j is surjective, and im(i) = ker(j). The simplest example
of a group extension of H by G is the product G x H along with the inclusion
iny : G — G x H and the projection m : G x H — H.

G- GxH-"%H (3.5)

As a group extension, the direct product is not interesting because its structure is
determined completely by G and H. It is therefore called the trivial extension. A
homomorphism h : G — G x K that is compatible with both the inclusion and

projection maps, that is the diagram

G i H—1 K
Nlhy (3.6)

Gx K

commutes is called a trivialisation. It can be shown that any trivialisation is an

isomorphism. A bundle that has a splitting is said to split, and its structure is
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therefore also determined completely by G and K. The splitting lemma for groups
gives a necessary and sufficient characterisation of when a group extension has a
splitting.

Partial monoids generalise groups by omitting the requirement that elements have

inverses, and the requirement that all products are defined.

Definition 3.1.1. A (commutative) partial monoid is a tuple (M, +,0) where M is
a set, the product 4+ : M? — M is a partial function, and 0 € M is the identity, such
that the following conditions hold:

e Commutativity: m+m' is defined if and only if m’+m is defined and m+m’ =

m’ +m, for all m,m' € M.
e Identity: 0+ m is defined and 0 +m = m for all m € M.
e Associativity: For all m,m/,m"” € M

— If (m+m’)+m” and m+ (m'+m”) are both defined then they are equal.

— IEm+m/;m+m”,;m' +m” are all defined then (m + m') + m” and m +

(m/ + m'") are both defined.
If the product + is a total function then (M, +,0) is a commutative monoid.

In this section, we introduce a generalisation of group extensions to partial monoids
and we show that the splitting lemma generalises, and the problem of extending a

local splitting to a global splitting is equivalent.

3.1.1 Bundles

To generalise the definition of a group extension to partial monoids we first recast

the definition to emphasise the role of a group action.

Definition 3.1.2. Let 6 : G x X — X be a group action. 0 is free if 0(_,z) : G - X
is injective for all x € X. The orbit of v € X, is the set of elements that are equivalent

to x up to the action of G:

[z]o :={0(g,2) | g € G} (3.7)

We write X /6 for the set of orbits. When a particular group action is assumed we

will simplify notation by defining g - z := 6(g, x).
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Observe that for any group extension G —— H 7 4 K there is an action of

G on H defined by
0:GxH—H:(g,h)—~ilg)+uh (3.8)

This action is free because i is injective and H has inverses. It is also compatible
with the group structures of G and H in the sense that it is a homomorphism from
G x H to H. The requirement that im(i) = ker(j) is equivalent to saying that the

orbits of # and the fibers of j are the same:
H/9={j""(k) | k € K} (3.9)

We can recast the definition of a group extension in terms of this action. A group
extension can be defined as a surjective homomorphism j : H — K and a free,
compatible group action # such that the orbits of # are the fibers of j. We will use
this view of group extensions to generalise them to partial monoids.

For a partial monoid the natural notion of homomorphism is a function on the

underlying set that preserves the identity and products whenever they are defined.

Definition 3.1.3. A homomorphism of partial monoids h : M — M’ is a function

between the underlying sets, such that:

e h preserves the identity element: h(0p) = Opyr.

e h preserves products: h(my) -+ (mo) is defined and h(my +yrmso) = h(my) +up

h(ms), for all mq, my such that my 4 mo is defined.

If G is a group and M is a partial monoid then the set product G' x M is a partial
monoid with identity and product defined component-wise.

Ocxar = (0c, Onr) (3.10)

(ga m) +axMm (gl7m,) = (g +A gla m m/> (311)

for all g, ¢’ € G and m,m’ € M such that m +,; m’ is defined. We define an action

of a group G on M to be a group action, in the usual sense, that is furthermore a

homomorphism from G' x M to M.

Definition 3.1.4. Let G be a group and M a partial monoid. An action of G on M
is a homomorphism 6 : G x M — M such that the following conditions hold:

6(0,) = idys (3.12)
0(g,-)00(g',-) =0(g+4,-), forallgg e€CG (3.13)
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We define a bundle over a partial monoid to be a partial monoid equipped with a
compatible group action and a surjective homomorphism such that the fibers of the

homomorphism and the orbits of the action are the same.

Definition 3.1.5. Let GG be a group and M a partial monoid. A G-bundle over M
is a tuple (N, j,0), where

e N is a partial monoid,
e 0:G x N — N is a free action,
e j: N — M is a surjective homomorphism,

such that the orbits of 6 are the fibers of j:
N/O= {7 (m)|me M} (3.14)
0 is called the bundle action and j the bundle map.

The simplest example of a G-bundle over M is given by the product G x M. Write
Ocx v for the action of G on G x M applying the group operation of G on the first

component, and m : G X M — M for the projection onto the second component.

0(g,(g’,m)) :== (g +4g',m) (3.15)

The triple (G X M, 0gxnr, ™) is called the trivial bundle. As a bundle it has no

interesting structure because it is completely determined by G and M alone.

3.1.2 The splitting lemma

Let G —— H —— K be a group extension. The splitting lemma for groups
gives the following characterisation of trivialisations, that is homomorphisms h :

H — G x K such that the following diagram commutes:

G——H—1 5K
N lh/ (3.16)

Gx K

in other words, iny = hoi and j = myoh. Trivialisations are necessarily isomorphisms.
Any group extension that has a trivialisation is therefore isomorphic to the product

group extension.
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A left splitting is a homomorphism s : H — G such that ¢ ol = idy. A right
splitting a homomorphism r : K — H such that r o j = idg. The splitting lemma for
groups states that the three are equivalent: A group extension has a left splitting if
and only if it has a right splitting, if and only if it has a trivialisation.

To generalise left splittings and trivialisations we observe that their definitions

can be recast in terms of the group action of G on H.

Definition 3.1.6. Let G be a group, M, M’ partial monoids, and 6 : G x M — M,
0 : G x M'"— M’ group actions. An action homomorphism h : § — €' is a partial
monoid homomorphism h : M — M’ such that 6'(g, f(x)) = f(0(g,x)) for all g €
G,r e X.

For any group G write write 0 for the group action of G on itself: 0g(g,q') :=
g+c g A left splitting of a group extension is then equivalently an action homo-
morphism from the bundle action 6 to 5. The requirement that a trivialisation is
compatible with the inclusion maps, that is in; = h o ¢ is equivalent to h being an
action homomorphism from the bundle action # to the bundle action on the product

bundle Ogyar.

Definition 3.1.7. Let G be a group, M a partial monoid, and B = (N, j,0) a G-
bundle over M.

1. A left splitting is an action homomorphism [ : § — 0.

2. A right splitting is a partial monoid homomorphism r : M — N such that

j or = ldM
3. A trivialisation is an action homomorphism h : 6 — Ogyx s such that j = w0 h.

For example, the trivial bundle (G x M, 0cxnr, m2) has a left splitting m and a
right splitting ins:

m:GXM—G:(g,m)—b (3.17)
ing: M - GxM:=mw— (0g,m) (3.18)

Let B = (N, j,60) be a G-bundle over a partial monoid M and let [ : N — G be a
left splitting. There is then a natural map from N to G x M given by

(,j): N = G x M ==nws (I(n), j(n)) (3.19)

45



Because [ is a left splitting and therefore an action homomorphism from 6 to 65 we
have that ([, j) is an action homomorphism from 6 to the bundle action Ogyx s of the
trivial bundle. (I, j) is a trivialisation.

We then clearly have 7 o ([, j) = j. Because [ is an action homomorphism from
0 to O we have that ([, j) is an action homomorphism from 6 to Ogx . Conversely
if h: N — G x M is a trivialisation then we can define a left splitting by projecting
onto the first component: m; o h.

Because the bundle action 6 is free something similar is true for right splittings.
For any left splitting I let R(l) be the function

R(): M — N =:=mw— —l(n(m)) - n(m) (3.20)

where 1 : M — N is any function such that j o p = id;. Observe that the definition

is independent of the choice of 1 because

—l(g-n(m)) - (g-n(m)) = (=l(n(m)) — g+ g) - n(m) (3.21)
= —I(n(m)) - n(m) (3.22)

for any m € M and g € G.

Lemma 3.1.1 (Splitting lemma). Let B = (N,0,j) be a G-bundle over a partial

monoid M.
1. The map l —< 1,7 > is a bijection between left splittings and trivialisations.
2. The map | — R(l) is a bijection between left and right splittings.

Proof. 1. h — m o h is an inverse to [ —< [, 7 >. m; o h is an action homomorphism
from 6 to ¢ if and only if h is an action homomorphism from 0 to gy .

For 2. we first check that R(l) is a homomorphism. It preserves the identity. We
have 1(0) = a- 0 for some unique a. Hence R(1)(0) = (—=I1(n(0)))-n(0) = —l(a-0)-(a-
0) = (0—a+a)-0 as required. To see that it preserves products, take m, m’ such that
m —+y; m’ is defined. There is a unique g such that n(m +m') = g - (n(m) + n(m’)).
Therefore

3.23
3.24
3.25
3.26

R(1)(m +m')

(=l(n(m +m"))) - n(m +m')

(=U(g - (n(m) +n(m"))) - (g - (n(m) +n(m)))
(=l(n(m)) = 1(n(m")) — g+ g) - (n(m) +n(m"))
R)()(m) + R(1)(m)

A~~~ —~ —~
— ~— ~— ~—
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To see that R is a bijection we can define the inverse directly as follows. For any
right splitting r : M — N there is a unique function R™!(r) : M — N such that

R (r)(n) - n=r(j(n)) (3.27)

for all n € N.

We first check that it is a homomorphism. For the identity we have h(j(0)) =0
and h(j(0)) = s(0)-0, hence s(0) = 0 as required. That it preserves products we have
both

h(j(n+n")) =s(n+n'")- (n+n') (3.28)
and
h(j(n+n')) = h(j(n)) + h(j(n')) (3.29)
=s(n)-n+s(n')-n (3.30)
= (s(n) +s(n)) - (n+n) (3.31)

Therefore, by uniqueness of s we have s(n +n') = s(n) + s(n’). Finally to see that it

preserves the action, we have r(j(g-n)) = r(j(n)). Hence
Rr)(g-n)-(g-n) =R (r)(n) - n (3.32)

R7Hr)(g-n) =g+ R(r)(n)
Finally we check that R~! in fact is an inverse to R.

Rp(Ry'(r)) = m = (=s.(n(m))) - n(n) (3.33)
=m —r(j(n(m))) =m— r(m) (3.34)
and
(h™toinp)(j(n)) = h7H(0,5(n)) (3.35)
=(0—hi(n))-n (3.36)

1

Hence by uniqueness (A~ oinys) — h and so R is a left inverse to R 1. O]

Similarly, as for groups, trivialisations of bundles are necessarily isomorphisms.
The splitting lemma, therefore, gives a characterisation of when a bundle is isomorphic
to the trivial bundle. A natural candidate for the inverse of a trivialisation h is the
map given by first taking the left splitting 71 o h : N — G, then composing the right
splitting associated with 7 o h with the projection my: R(m o h) o my. It can be

verified that this map in fact is an inverse.
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Lemma 3.1.2. Trivialisations are isomorphisms. Let B = (N, j,0) be an A-bundle
over a commutative partial monoid M and h : N — A x M a trivialisation. The

wnverse of h is
Rt Ax M — N == (a,m) — (a — hi(n(m))) - n(m) (3.37)

where 0 : [],.car 771 (m) is an arbitrary section and hy = proj, o h : N — A is the
first component of h.

Proof. We first show that h~! is independent of the choice of the section 1. Any other
section ' = m +— ~y(m) - n(m) differs from n by some v : M — A. If we expand
the definition of h~! using the section 7 in terms of v and 7 we see that the terms

involving v cancels out. For any m € M we have

(@ = hi(n'(m))) -7 (m) = (a = ha(y(m) - n(m))) - (v(m) - n(m)) (3.38)
= (a=~(m) = ha(n(m)) +v(m)) - n(m) (3.39)
= (a = ha(n(m))) - n(m) (3.40)
Therefore h=' is independent of the choice of 7.
Next, we check that 2! is a left inverse to h. Let n € N. To see that h='(h(n)) =
n we first expand h(n) = (hi(n), ha(n)) into the two components of the product.

Using the section n we can write n uniquely on the form
n=a-n(m) (3.41)

where a € A and m = j(n). Because h is a trivialisation j(n) = ha(n).

%hmmm (3.43)

Because both h and proj; preserve the action of A we have hy(a-n(m)) = a+hy(n(m))

therefore if we plug (hi(n),m) into h~! the terms involving hi(n(m)) cancels out

= (ha(n),m) = (ha(n) — ha(n(m))) - n(m)
= (h(a-n(m)) = ha(n(m))) - n(m)
= (a+hi(n(m)) = ha(n(m))) - n(m)

=a-n(m)=n

as required.
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Finally, we check that h~! is a right inverse to h. Let (a,m) € A x M. We first
expand the definition of h~1(a, m)

h(h™ (a,m)) = h((a = hi(n(m))) - n(m)) (3.48)

and then separately check that hy(h~'(a,m)) = a and hy(h™'(a,m))y = m. For the

first part we use the fact that hy is an A-action homomorphism

hi((a = ha(n(m))) - n(m)) = (a = ha(n(m))) + hi(n(m)) = a (3.49)

The second part follows because h maps the fiber j7!(m) to A x {m}

ha((a = ha(n(m))) - n(m)) = m (3.50)

as required. 0

3.1.3 Extending local splittings

The splitting lemma gives a correspondence between left splittings, right splittings,
and trivialisations. We now show that this correspondence is compatible with restric-
tions. This means that the problem of extending a right splitting, left splitting, or
trivialisations defined on a sub-bundle are all equivalent.

Suppose that B = (NN, j,0) is a G-bundle over a partial monoid M, and that
M' C M is a sub partial monoid. We first explain that B restricts to a sub bundle
over M'.

The pre-image j~'(M’) C N is a sub-partial monoid of N, and it is closed under
the action 6. We can therefore restrict B to a G-bundle over M’ by restricting both
the bundle map j and action 6.

Definition 3.1.8. Let B = (N, j,0) be a G-bundle over a partial monoid M and
M’ C M a sub partial monoid. The restriction of B to M’', denoted by Bl is the
G-bundle over M’

Bl = (N’,j’,@’) (3.51)
where N’ := j7Y(M’') and j' : N' — M', 0/ : G x N' — N’ are the restrictions of j
and 0 to N'.

Because the maps in the splitting lemma are defined pointwise they are natural
with respect to restrictions. The problems of extending a left splitting, right splitting,

or trivialisation of the restricted bundle Bl to B are therefore equivalent.
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Lemma 3.1.3. Let B = (N, j,0) be a G-bundle over a partial monoid M, M' C M
a sub partial monoid, and l' : M' — G a left splitting of the restricted bundle B|yy.

The following conditions are equivalent:
o There exists a left splitting | : N — G such that l|y = 1.
e There exists a trivialisation h : N — G X M such that h|y =<', j >.

e There exists a right splitting v : M — N such that r|y = R(I').

3.2 Cohomology of commutative partial monoids

We concluded the previous section by explaining that for a G-bundle B over a partial
monoid M the problems of extending either a left splitting, right splitting, or trivi-
alisation, defined on a sub bundle are equivalent. In this section we show that this
problem can be given a cohomological characterisation. The construction can be seen
as a generalisation of group cohomology.

Let G and K be groups. A well-known problem in group theory is to classify the
possible group extensions of K by G. An elegant solution to this problem is given by
group cohomology [Brol2]. Two group extensions are equivalent if they are related

by an isomorphism:

G—sH 1K
N 27 (3.52)
Hl

So in particular an extension splits if it is equivalent to the trivial extension.

For any group K there is a topological space Xk called the classifying space of
K. There is a bijection between the second cohomology group H*(Xg,G) of X
with coefficients in GG , and equivalence classes of group extensions. In particular, the
equivalence class of the trivial extension correspond to the zero class 0 € H?(Xf; G).

In this section, we first generalise group cohomology. In Section [3.2.1we define the
relative cohomology groups H™(M, M'; G) of a partial monoid M with respect to a sub
partial monoid M C M’ with coefficients in a group G. In[3.2.2] we define for any local
right splitting r of a sub-bundle a cohomological obstruction u(r) € H*(M, M'; Q)
and we show that p(r) = 0 if and only if r can be extended to a global splitting.
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3.2.1 The cohomology groups of a partial monoid

Let G be a group, M a partial monoid, and M’ C M a sub partial monoid. In this
section, we define the relative cohomology groups H"(M, M'; G).
We begin by defining a family of sets {M, }nen and boundary maps 0, : M, —

M,,_1, where i = 1,...,n encoding the structure of a partial monoid M.

Definition 3.2.1. Let K be a commutative partial monoid. { K, },>o and d,,; : K,, —
K,_1, where n > 1,1 =0,...,n are defined by Ky := {()} and when n > 1

K, = {(ki, ko, - k) € K" | ky + ka4 - - - + ky, is defined} (3.53)

671,@' = (kl, ce ,kn) — (k’l, e ki—h k‘z + ki—l—la ki+27 e kn) (354)

By considering the set of functions f : M, — G that vanish on M, C M, we

define the relative co-chain complex
0 =8 COM, MY G) — CH M, M5 G) — CH(M, M G) = -
(3.55)
Definition 3.2.2. Let GG be a group, M a partial monoid, and M’ C M a sub partial

monoid.

1. The relative n-cochains, denoted by C™(M, N; G), is the commutative group of
assignments f : M, — G that vanish on M) .

C"M',M;G):={f: M, = G| flyu, =0} (3.56)

2. The n’th coboundary map, denoted by d™ is the following homomorphism from

the relative n-cochains to relative (n — 1)-cochains

d": C"(M',M;G) — C""'(M', M; G) (3.57)

dV(f) = (my,...,my) — Z(—wf(an,i(ml, ) (3.58)

The relative cohomology groups H" (M, M'; G) are the cohomology groups of this
co-chain complex. To verify that this in fact defines a co-chain complex we need to
verify that d"*' od™ = 0. This can be done by a straightforward computation. In our

case, it is only necessary to verify this for the maps

dQ(f)(ml,mg, mg) = f(mg,mg) — f(m1 + mz,mg) + f(ml,mg + mg) — f(ml, mg)

(3.59)
d'(f)(m1,ms) = f(ma) — f(my +ms) + f(m1) (3.60)
=0 (3.61)

which is easily done.
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Definition 3.2.3. Let G be a commutative group M a commutative partial monoid

and M’ C M a sub partial monoid.

1. The relative n-cocycles Z" (M, N; G) := ker d" is the kernel of " : C™(K, M; G) —
Cr YK, M; G).

2. The relative n-coboundaries is the image B"(M, N; G) := imd" ! of d" : C"(K, M;G) —
Cr YK, M; G).

3. The relative cohomology group H"(K,M;G) = Z"(K,M;G)/B"(K, M;QG) is

the quotient of the relative n-cocycles over the relative n-coboundaries.

3.2.2 The obstruction to extending a local splitting

Let B = (N,0,j) be a G-bundle over a partial monoid M, M’ C M a sub partial
monoid, and 7' : M’ — N’ a right splitting of the restriction B|y; of B to M.

To define the cohomological obstruction u(r') € H?*(M, M';G) we first choose a
function n : M — N, not necessarily a homomorphism, such that j on = idy; and
Ny = 1’. m is not necessarily a homomorphism but because j o n = idy; there is
for every my,mg € M some g € G such that n(my +x m2) = g - (n(m1) +a n(m2)).

Because 6 is free this ¢ is unique.

Definition 3.2.4. Let B = (N, 7,60) be an G-bundle over a partial monoid M, M’ C
M a sub partial monoid, and n : M — N a function such that n o j = idy,. Write
An : My — G for the unique function satisfying

n(my +msa) = An (my, ma) - (n(ma) + n(ma)) (3.62)
for all (my,ma) € Mo.

An can be thought of as measuring the failure of n to be a splitting because 7 is
a homomorphism if and only if Ap = 0. We define u(r’) to be the cohomology class
of An.

Definition 3.2.5. Let B = (NN, j,0) be an G-bundle over M, M' C M a sub-partial
monoid, and 7’ : M’ — N’ a right splitting of B|y. The obstruction to ', is the

cohomology class
u(r') o= (] € HE(M, M5 A) (3.63)
where n: M — N is any function such that n|y, = " and j on = idy,.
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For this to be well defined we need to check that An is a relative co-cycle and that
the cohomology class [An] is independent of the choice of 7.

Lemma 3.2.1. Let B = (N, j,0) be an A-bundle over a commutative partial monoid
M, M' C M a sub partial monoid, and r a right splitting of the restricted bundle
Bl

1. Anpe Z3(M',M; A) for any n: M — N such that |y = 1" and j on = idy;.

2. (An — An') € B*(M',M; A) for any two n,n' : M’ — N’ such that n|y =
Nl =7"and jon=jon =idy.

Proof. For 1. we first have to show that An is a relative cochain, that is, that An

vanishes on (M}), and secondly that
An (ma,m3) — An (my + ma, m3) + An (my, me +mg3) — An(my,me) =0 (3.64)

for all (my, mo, m3) € M3. That An vanishes on M} is clear because its restriction is
a homomorphism. For the second part we use that m; + msy + ms can be written as
both my + (mg +m3) and (my + ms) + ms.

n(my + (mg +mg)) = An (my, ma +ms) - (n(ma) + n(ma + ms))
= (An (m1, mg + mg) + An (mg, m3)) - (n(m1) + n(mz) + n(ms))

and similarly
n((my +ma) +mz) = (An (my +ma, ms) + An (my,m2)) - (n(ma) + n(mz) + n(ms))
Because the two terms are equal and the action is free

An (my, me +m3) + An (ma, m3) = An (my + ma, m3) + An (mq, mo) (3.65)

as required.
For 2. suppose that 1,7’ are two sections that extend r. We have to show that
there is some 7 : C1(M’, M; A) such that

An (my, mg) — Ay’ (my, ma) = y(m1) — y(my +ma) +v(my) (3.66)
for all (my,mg) € My. Let v: M — A be the unique function such that

n=m s(m)-n'(m) (3.67)
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Because 1,7 both extend r we have s|y = 0 and so 7y is a relative cochain, v €

CY(M', M; A). Expanding n(m; + ms),n(m1),n(ms) in terms of v and ' gives

n(my +ma) = An (my, ma) - (n(ma) +n(ms)) (3.68)
= (An (m1,ma) + s(my) + s(ma)) - (' (ma) + 1 (m2)) (3.69)
and

n(mi +ma) = s(my + ma)n' (M1 + my) (3.70)
= (s(m1 +ma) + An' (m1,ma)) - (' (ma) +1'(m2)) (3.71)

hence
An (mq,mg) + s(my) + s(ma) = s(my + ma) + An' (my, my) (3.72)
as required. 0

Observe that the obstruction is sound in the sense that if ' can be extended to
a right splitting r : M — N then [An] = 0. This is true because if such an r exists
then the cohomology class [An] is equal to the cohomology class [Ar] had we instead
chosen r. Because r is a homomormphism Ar = 0 and so [Ar] = 0 as required.

We now show that the obstruction in fact is complete in the sense that pu(r’) =0

if and only if " can be extended globally.

Theorem 3.2.1. Let B = (N, j,0) be a G-bundle over a partial monoid M, M' C M
a sub partial monoid, and r a right splitting of B|y. There exists a right splitting
r: M — N such that r|yy =" if and only if pu(r") = 0.

Proof. We have already explained that p(r’) = 0 if 7’ can be extended globally. For
the converse suppose that u(r’) = 0.

We extend 7’ to a global right splitting r : M — N by first choosing a function
n: M — N such that no j = idy; and 5|y = r’. Because [An] = 0 there is a unique
v € CYM’', M; A) such that An = d'(y). We define r by

r(m) == —=y(m) - n(m) (3.73)

for all m € M. To see that r is a homomorphism take mi;,ms € M such that

my +a mo is defined. We have

r(my +mg) = —y(my + ma) - n(my + mo) (3.74)
n(my +mg) = An (mqy, ms) - (n(mq) +n(ms)) (3.75)
An (my,mg) = d'(7)(my, ma) = v(my) — y(my +my) +v(ms) (3.76)
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Hence

r(m1 +me) = —y(m1 + ma) - n(my + mo) (3.77)
= (—=y(m1 +mz) + An (m1,m2)) - (n(m1) + n(m2)) (3.78)
= (=y(m1 +mz) +y(m1) = y(m1 +mz) + v(m2)) - (n(m1) + n(mz))

(3.79)
= r(my) + r(msg) (3.80)
as required. O

3.3 Measurement scenarios with bundle structure

We now introduce a class of measurement scenarios and empirical models generalising
the state-dependent and state independent empirical models Sp,So.y : (O, M, Zy)
associated with a closed set of Weyl operators O C P, ; and a state 1. We first
give an abstract description of the structure of these models. In Section we
explain that for models of this type a test for (non) contextuality is to extend a local
homomorphism to a global homomorphism. We give two examples, based on GHZ
and Mermin’s square. In Section we show that these scenarios can be given a
bundle structure, and that the cohomological obstruction to extending local splittings
can be used to detect contextuality.

Let O C P, 4 be a closed set of Weyl operators. O contains the identity and is
closed under products of commuting operators. Restricting the group product of P, 4
to pairs of commuting operators , therefore, gives O the structure of a partial monoid.

The set of operators O is also closed under the Zg-action
Q:Zygx O — O:=(p,0) PO (3.81)

where w := ?/4. Note that Q is compatible (Definition [3.1.4) with the partial

monoid product because
WPOW?' O’ = WP 00’ (3.82)

for all p € Z4 and commuting O, O’ € O.

Let C C O be a maximal context of pairwise commuting operators. C' is then
a submonoid of O, i.e. all products are defined. Because two operators w?0O and O
that differ by some w? commute we also have that C' is closed under the action 2.
Write (2¢ for the restriction of €2 to C. We now observe that any value assignment

s : C — Zg4 that is consistent with quantum mechanics preserves the action Q2¢.
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Lemma 3.3.1. Let O C P, 4 be a closed set of Weyl operators and C C O a maximal
context. A joint outcome assignment s : C' — Zg that is consistent with quantum
mechanics is an action homomorphism (Deﬁmtion from Q¢ to the action 0y,
of Zg on itself.

Proof. A measurement of a Weyl operator M with outcome ¢ correspond to the w?
eigenvalue. Let s : C' — Z,4 be an outcome assignment and suppose that s is consistent
with quantum mechanics. Let M, My € C. There is then some state ¢ such that
is an eigenvector of My, My, My M,y with eigenvalues s(My), s(My), s(M; My).
Mift)) = w ) y)
Molt)) = w2 [g)
MiMaly)) = w M) )

3.83
3.84
3.85

(
(
(
(3.86

)
)
)
)
Using the first two equations we have

My Molip) = w0 M) ) (3.87)
Comparing this to the third equations we have s(M;My) = s(M;) + s(Ms). That

s(I) = 0 is clear because I only has one eigenvalue 1 which is identified with 0.
Finally, if we multiply a Weyl operator M with a scalar w9, then the effect is to
permute the eigenvalues, hence s(wiM) = g + s(M). O

From this it follows that both the state-dependent and state independent empirical
models Sp, So .y : (O, Mo, Zg) are instances of the following definition.

Definition 3.3.1. Let (X, M, G) be a measurement scenario equipped with the fol-

lowing additional structure:

1. The outcomes G is a commutative group.

2. Each maximal context C' € M is a commutative monoid with a compatible
action f¢ : G x C' — C, such that for all maximal contexts C,C" € M, g € G,

r, e CNC:
0c = Ocr (3.88)
r+cr =x+o 2 (3.89)
Oc(g,x) = Oc(g,x) (3.90)

An empirical model S : (X, M, G) is an empirical model (in the usual sense), such
that every local section s € S(C) is an action homomorphism from ¢ to the action
Oq of G on itself.
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3.3.1 Detecting contextuality with homomorphisms

Suppose that S : (X, M, G) is an empirical model and measurement scenario with the
additional structure of Definition [3.3.1l We first observe that the monoid structures
on the contexts C' € M and the actions o “glue together” to define a partial monoid

and compatible action on X.

(g.2) = (9. ) (3.01)
0:= 0c (3.92)
r+a =x+ca (3.93)

for any C € M, z,2’ € C, and g € G. That this is well defined follows from the
compatibility conditions in Definition .

Note that in the case of a closed set of Weyl operators O C P, 4 the partial monoid
structure on O is the structure given by gluing together the monoid structure on each
maximal context. This is the case because two operators O, 0’ € O commute if and
only if they are both contained in a maximal context C' C O. As a partial monoid O
is therefore completely defined by its restriction to the maximal submonoids C' C O.

Because the action # and partial monoid structure on X are completely determined
by the monoids and actions on the maximal contexts, it follows that s : X — G is an
action homomorphism from 6 to ¢ if and only if s|¢ is an action homomorphism from
Oc to Og for all maximal contexts C' € M. We can therefore consider the problem
of extending a local action homomorphism s’ € S(C') defined on a maximal context
C € M as a test for contextuality.

This test is sound, but not necessarily complete. There can be action homomor-
phisms s : X — G that are not global sections of S.

We now give two examples, showing that in the case of GHZ and Mermin’s square

the homomorphism condition detects contextuality.

Example 3.3.1 (Mermin’s square). Let X C P, be any set of Pauli measurements
that is closed under products of commuting measurements and contains the mea-
surements displayed in Mermin’s square. We consider the state independent model
Sx : (X, M, Z,) which in this case satisfies Definition [3.3.1]

Observe that equations (1)-(6) induced by Mermin’s square all can be rearranged

to be on the form

M, © My = My M,
for My, My € X with M, My = MyM;. That the equations are mutually inconsistent

therefore literally says that there is no homomorphism from X to Zs.
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GHZ is an example of state-dependent contextuality. We first show that the
set of operators whose outcome when measuring a given state is deterministic is a

submonoid of the total partial monoid.

Lemma 3.3.2. Let O C P, 4 be a closed set of n-qudit Weyl operators. Let 1) be a

state and Oy C O the subset of operators whose outcome on v is deterministic
Oy ={M € O | M) = wi|p), for some q € Ly} (3.94)
Oy 15 a sub monoid of O.

Proof. That the identity operator I is contained in Oy is clear. If M, M’ € O with
outcomes ¢, ¢’ then MM’ has outcome ¢q + ¢'. O

In the case of state-dependent contextuality, we try to extend the unique value

assignment consistent with ).

Example 3.3.2 (GHZ). Let X := ®_, +{o,,0,,0,,1}. First note that the state-
dependent model Sy guz : (X, M, Z,) is an instance of Definition because X is
closed under commuting products and contains +/. Next, consider the set Xgpy of

measurements whose outcome is uniquely determined by |GHZ) and observe that the
equations in the GHZ example are all of the form

M, & My ® M3 = sguz(My My Ms)

where My, My, M3 € X are compatible, MMM € Xauz, and sguz(MiMyMs) is
the unique outcome that is consistent with |GHZ). That the equations are mutually
inconsistent therefore ensures that there is no global action homomorphism ¢ : X —
Zo whose restriction to Xgpyz is squz. It follows that if C' € M is any context that
contains Xguz then there is no s € Sx guz(C) that can be extended to a global action
homomorphism. Note that such a context exists because the maximal submonoids of

X are the contexts and by Lemma 4.1 Xgpz is a monoid.

3.3.2 The cohomological obstruction

We now generalise the cohomological obstruction of Okay et al. to any empirical model
with the structure of Definition [3.3.1} Let S : (X, M, G) be an empirical model and
measurement scenario according to Definition [3.3.1] We first show that the scenario
comes with the structure of a bundle over a partial monoid.

At X, and at each maximal context C' € M we take the quotient partial monoid

with respect to the actions 6, 0.
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Definition 3.3.2. Let GG be a group, M a partial monoid, and 6 : G x M — M an
action of G on M. The quotient partial monoid is the set of orbits M /0 with identity
and product defined by

[ma]o +Mm/G [ma) := [m1 4+ Moo (3.96)
for all my, my such that my +,; mq are defined.

Observe that the product operation of M /6 is well defined because 6 : Gx M — M
is a homomorphism. For all aq,as € A and my, my € M such that mq+5;ms is defined

we have (a; - mq 4y ag - ma = (ag +4 az) - (mq 4+ ma). Therefore
[CLl . ml] +M/G [ag . mg] = [(a1 +4 CZQ) . (m1 +um mg)] (397)

as required.

X is then a bundle over the quotient partial monoid X/6, with action 6 and
projection map [Jp : X — X/0, and for each maximal context C' € M the monoid
C'is a bundle over C'/0- with action ¢ and projection map [_|g, : C — C'/6c. That
each local section s € S(C) is an action homomorphism from f¢ to 6 means that it
is a left splitting of the bundle. The cohomological obstruction for s is the obstruction
to extending the right splitting R(s) to a global right splitting of the bundle X.

Definition 3.3.3. Let S : (X, M, G) be a measurement scenario and empirical model
satisfying Definition [3.3.1] For any maximal context C' € M and s € S(C) the
cohomological obstruction is the obstruction u(R) € H*(X/0,C/0c; G) for the right
splitting R to extend to a global splitting.

Because the homomorphism test for contextuality is not necessarily complete the
cohomological obstruction is also not necessarily complete. However, from the exam-
ples in the previous section we have that it detects contextuality in the case of GHZ

and Mermin’s square.

3.4 Comparing two obstructions

We conclude this chapter by comparing the topological obstruction of Okay et al.
to the Cech cohomology obstruction. The Cech cohomology obstruction and
the topological obstruction are different in the type of algebraic structure they are

defined with. The topological approach relies upon a pre-existing structure in the
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measurement scenario and empirical model. The Cech cohomology approach does
not require any pre-existing structure, instead, it uses a free construction to give the
required structure to any empirical model.

At first glance, it might be surprising that any interesting structure is left behind
by this free construction. An explanation for why the Cech cohomology obstruction
detects contextuality is that many examples of contextuality in quantum mechanics
are of the AvN type. For the examples, GHZ and magic square, where we have shown
that the topological approach also detects contextuality. The question is then if there
are instances of contextuality that are detected by the topological approach, but not
the Cech cohomology approach. We now show that this is not the case.

Recall that a false negative of the Cech cohomology approach occurs when a
local section s can be extended to a compatible family of the pre-sheaf F3S. If an
empirical model S satisfies Definition [3.3.1] then each local section in this formal linear
combination is an action homomorphism. Because homomorphisms are closed under
affine combinations we can collapse the formal affine combination to a global splitting
of the bundle.

Theorem 3.4.1. Let S : (X, M, G) be an empirical model of Definition X. Let | €
S(C) be a local section. If the Cech cohomology obstruction (1) vanishes, then the

topological obstruction u(l) vanishes:
Y(s0) =0 = pu(sp) =0 (3.98)

Proof. Suppose that sy € S(Cp) is a local section such that the Cech cohomology
obstruction vanishes, y(sg) = 0. We need to show that sy extends to a global right
splitting.

Recall that if the measurement cover is connected and y(sg) = 0 then there is some
compatible family {r¢ € FzS(C)}cem such that rg, = 1-s5. Now, any measurement
cover by commutative monoids is connected because the identity element is contained
in all contexts. We can therefore take such a family {rc}cer. Observe now that any
such family in fact is a compatible family of formal affine combinations: For any

cCeM

Z rc(8) - slence = Telencs = Toslencs = 1+ Solency
seS(C)

hence » 5oy re(s) = 1.
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We now use the unique module actionﬂof Z on A to collapse this compatible family
to a function g : X — A.

g(x) = Z ro(s) - s(z), where C' € M is any context with z € C
seS(0)

Because the set of splittings is closed under affine combinations this function is in

fact a splitting that furthermore extends sg. O]

Another point is that the topological approach uses the equivalence between right
and left splittings. A question we can ask is what the cohomology classes actually

mean.

He 0-a=0,andforn>1:n-a:=a+a+---+a (ntimes) and —n-a = —(n-a).

61



Chapter 4

From contextuality to shallow
circuits: a general construction of
quantum advantage

In this chapter, we present a generalised version of Bravyi, Gosset, and Konig’s quan-
tum advantage result with shallow circuits. The quantum circuit {Q,},en and the
computational problem {2D-GHZ(n)},cn introduced by BGK are relatively simple to
define. Their main technical contribution is the technique used to prove the classical
bound. We start by explaining how this technique can be recast in the sheaf theoretic
framework.

The quantum circuit (),, defines a mapping from inputs to distributions over out-
puts Q,, :: x — Zy Q(x, y) - y. We can think of this mapping as an empirical model
for a multipartite scenario. @), is related to the strategy eqnz for the GHZ game by

a simulation s,,.

(50)+(@n) = €cnz (4.1)

The 2D-GHZ problem is the pullback (s,)*(GHZ) of the GHZ-game across s,. Be-
cause the strategy eqnz solves the GHZ-game perfectly it, therefore, follows that @),
also solves the GHZ game perfectly.

Ps(Qn, 2D-GHZ) = ps((sn).(Qn), GHZ) = 1 (4.2)

We can similarly think of a classical shallow circuit {C), },en as defining a family
of empirical models {C’n}neN. This is strictly speaking not true because C~’n LT
>y Co(z,) - y does not necessarily satisfy the no-signaling assumption.

Recall the resource inequality

ps(e,®) < v+ CF(e) (4.3)
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relating the success probability of an empirical model e on a non-local game ® to the
classical bound v and the contextual fraction CF(e).
Using this inequality we can bound the success probability of C,, on 2D-GHZ(n)

in terms of the contextual fraction of the pushforward (s,).(C,,).
ps(Ch, 2D-GHZ(n)) = ps((s0)+(Cr), GHZ) < 3/4 + CF((5,)+(C)) (4.4)

The technically most involved part of their result is to establish a bound on
CF((5,)+(Cy)). To do this they combine two results. The simulation s, is a probabil-
ity distribution over a deterministic simulation ¢ for each choice of players va, vg, v
and paths uap, upc,uca. BGK first gives a combinatorial condition involving the
paths and the circuit C' ensuring that the pushforward t*(é’n) is non-contextual. They
then prove that when the paths are chosen sufficiently uniformly then the probability

of this condition being satisfied is high.

4.0.1 Structure of chapter

In Section 4.1| we give some elementary background on circuits, and we make the
idea that circuits can implement empirical models and strategies for non-local games
precise. In Section we present a protocol based on teleportation that allows a
number of agents to implement measurements on a single-qudit state at arbitrarily
long distances along a line. In Section [4.3| we generalise the construction from Section
to a protocol that allows us to simulate measurements in a distributed way. In
Section [4.4] we show that the distributed simulation protocol can be used to construct
non-local games that are solved by quantum circuit of small depth and fan-in. In
Section we restate BGK’s technique for proving their classical bound in the
sheaf theoretic framework, and we use it to derive a bound for the games introduced in
Section 4.4} In Section 4.6 we put everything together and show that the construction
can be used to derive unconditional quantum advantage results with shallow circuits

from any non-local game.

4.1 Circuits

A circuit can formally be defined as a directed acyclic graph whose nodes are either
input wires, output wires, or gates. The graph structure defines the order of evaluation
for the gates. To evaluate a circuit we first fix an input value for each of the input
wires, then evaluate the gates in the order given by the graph, and finally return the

values of the output wires.
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Figure 4.1: (a) A classical circuit with gates Fi, Fy, F3, Fy. (b) A quantum circuit
with a unitary gate U and a classically controlled measurement gate M. Classical
wires are drawn as double lines and quantum wires as single lines. (¢) The lightcone
relationship between inputs and outputs in both circuit (a) and(b).

Both the quantum and classical circuits that we work with have only classical
input and output wires. A quantum circuit additionally uses some number of qu-
dits initially prepared in the computational basis state. In a classical circuit, gates
are probabilistic. In a quantum circuit gates are classically controlled unitaries and
measurement gates.

The depth of a circuit is the length of the longest path from an input to an output.
The fan-in of a gate is its number of inputs, and the maximal fan-in of a circuit is
the maximal fan-in over all of the gates. We say that a family of circuits is shallow if

it has both bounded depth and maximal fan-in.

Definition 4.1.1. A shallow circuit is a family of circuits F' = {F,, } ,en for which
there exists K, D € N such that F}, has depth at most D and maximal fan-in at most
K for alln € N.

The graph structure of a circuit restricts the possible dependencies between input
wires and output wires. These dependencies are captured by the lightcones of the

circuit.

Definition 4.1.2. Let F' be a circuit with input wires {in;};c; labelled by a set I
and output wires {out; },c; labelled by a set J.

e The forward lightcone of i € I, denoted by LCF (i), is the set of output wires
J € J such that there is a path in F' from in; to out;.

e The backward lightcone of j € J, denoted by LCY% (j), is the set of all input

wires ¢ € I such that there is path in F' from in; to out;.

In a circuit F of depth D and maximal fan-in K each output wire is reachable from

at most K input wires, [LC} (out;)| < KP for all output wires out,;. If a shallow
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Figure 4.2: Circuit version of the quantum strategy for the Magic Square game. First,
two maximally entangled states are prepared using Hadamard gates and controlled not
gates. The classical inputs x1, zo € {1,2,3} are used to perform a basis change that is
followed by computational basis measurements. We observe that under the controlled
basis changes the computational basis measurements are equivalent to performing the
measurements used in the Magic Square game.

circuit {F),} ey has maximal depth D and fan-in K and F,, has n inputs, then the

fraction of inputs that can reach a given output tends to zero as n increases.

4.1.1 Circuit strategies

BGK observed that the quantum strategy for the GHZ game can be seen as a simple
circuit. Figure shows a similar example from [BGKT20] based on the Magic
Square game. In this section, we define circuit strategies for cooperative games with
one or more rounds. We then define the behaviour of a circuit, and we show that
ideas like simulations and the contextual fraction can be applied to these objects.
We first consider the case of a single-round game. Let S be a multipartite scenario.
A circuit strategy is a classical or quantum circuit with a classical input wire and a
classical output wire for each measurement site. In a multipartite scenario, joint
measurements specify at most one measurement setting for each measurement site.
The input to a circuit strategy consists of a measurement setting for each wire, or a
symbol “e” denoting no measurement. The output of the circuit consists of an output
for each measurement site that has been measured, or “e” for the measurement sites

that have not been measured.

Definition 4.1.3. Let S = (I, X,Y) be a multipartite scenario. A (single-round)
circuit model is a classical or quantum circuit F' with an input wire in; and an output

wire out; for each measurement site ¢ € I, such that:

e in; has type X; U {o}
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e When F' is evaluated and the input to in; is e then the output of out; is also e,

otherwise if the input to in; is € X, then the output of out; has type Y ,.

We additionally allow circuit strategies to sample a random seed. Let F' be a
circuit strategy for a multipartite scenario S = (I, X,Y’). Given a joint measurement
C we evaluate F' by setting each input wire in; where C specifies a measurement
setting to this value, and otherwise to . We then read off the values of out; and
return the joint outcome s € Eg(C') by setting s(i, z) to the value of output wire 1.
This defines a family of probability distributions F' = {F(C) € £¢(C)} which we call
the behaviour of F.

Definition 4.1.4. Let S be a multipartite scenario and F' a circuit strategy. For any
context C' of S and local section s € E5(C) the probability F/(C)(s) is the probability

that the output of out; is y; when the input to in; is z; for all ¢« € I, where and the

2 — e, otherwise

o — F |G Yn
N {S(Z,J:), if (i,2) e C (4.6)

x 4 Yi - .
" o otherwise

Z1 — . .
: — Y1 T; = {I’ if(iz)eC (4.5)

Figure 4.3

random seed z is sampled randomly.

Any quantum strategy for a non-local game can be seen as a circuit strategy. Let
S = (I, X,Y) be a multipartite scenario, e a quantum strategy for a non-local game,
using a multi-qudit state ¢ and a single-qudit measurement M , for each measurement
(i, ) of S. We define the quantum circuit strategy @y as to be the circuit with a single
unitary gate Uy, that prepares the state v, and performs a classically controlled M, ,
measurement for each qudit and returns the outcomes. By definition the behaviour

of Q. is equivalent to the empirical model e

Quat(U) = ey (U) (4.7)

for each measurement context U of S.

We will now define circuit strategies for games with more than one round. An
n-round circuit strategy is a classical or quantum circuit F' with a classical input
wire and a classical output wire for each measurement site and each of the n rounds
(Figure . We require that the output wires for round j are not reachable from

the input wires in round j' > j.
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Figure 4.4: (a) and (b) shows the inputs and outputs from respectively a single
and two-round circuit strategy. Here zq,...,x, and yy,...,y, are the measurement
settings and outcomes, while zq,..., 2 is a random seed. Note that F' can be either

classical or quantum. (c) We can think of the evaluation of (b) as being performed
by “plugging in” a classical circuit C.

Definition 4.1.5. Let S = ([, X,Y) be a multipartite scenario and n > 1. An
n-round circuit strategy is a circuit F' with input wires {in; ;}ies j=1,..» and output

wires {out; ; }ier j=1,..n, such that:
e Input wire in; ; has type X;.

e When F' is evaluated and the input to in;; is @ then the output of out;; is also

e, otherwise if the input to in;; is € X; then the output of out;; has type Y; ,.
e in;; is not reachable from outy; when j' < j: in; ; ¢ LCy (outy jr).

Interactive circuits can be thought of in two ways. If ¢ < ¢ then out,; is not
reachable from iny ; for any j,j'. It is therefore possible to partially evaluate the
circuit on the inputs in round i without fixing the values for the inputs in round #'.
Alternatively, we can think of the evaluation as being performed by “plugging in” a
classical circuit C' (Figure [£.4d).

The behaviour of an n-round circuit strategy F' is a family of probability distribu-

tions ' = {F(m) € D(Es(m))}mewmp, (s) over the runs of each measurement protocol.

Definition 4.1.6. Let S be a multipartite scenario, n > 1, and F' an n-round circuit

strategy. For each n-round measurement protocol m and run r = (U, $1), . .., (Un, Sn)
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of m write F(m)(r) for the probability that when {in;;} are set to {z;;} and F is

evaluated then the return value of output wires {out;;} are {y;;}, where

, if (i,z) € U;
vy = { i) € U (435)
e, otherwise
s(i,x), if (i,x) € U;
y { (i), if (i) € U (49)
o otherwise

The behaviour of a circuit strategy F' is not an empirical model. F does not
generally satisfy the no-signaling principle, and only specifies what happens for a
given number of rounds of measurements. However, the definition of the contextual
fraction, the success probability on a game, and the pushforward can be generalised

directly.

Definition 4.1.7. Let S = (X, M, O) be a measurement scenario and n > 1. An n-
round behaviour is a family of probability distributions B = {B(m) € D(Es(m) }memp,(s)

1. The success probability of B on an n-round game ¢ = ZC, 4 Pca-(C A)is
ps(B,®) := Z ®caB(C)(A) (4.10)
C,A

where C' is an n-round measurement protocol and A is a constraint on the runs

of C.

2. The contextual fraction of B is the least € such that there exists a non-contextual
empirical model e and another behaviour B’ such that for all n-round measure-

ment protocols C'

B(C)=¢€¢-B'(C)+(1—¢€)-ec (4.11)

3. Let T be another measurement scenario, t : S — T a deterministic n-round
simulation, and s : S — 1" a probabilistic n-round simulation. The pushforward
t.(B) is the single-round behaviour for 7" defined by

LB)U)= Y BUO))r)-gulr) (4.12)

re€s(f(U))

for each context C' of T'. The pushforward s,(B) is a convex combination of the

pushforward ¢, (B) for each ¢, with weight the probability s(¢) of ¢ occuring.
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Figure 4.5: In the teleportation protocol for qudits, Alice and Bob each hold one qudit
of a pair in the maximally entangled state ¢. Alice first measures her maximally
entangled qudit and another qudit in the Bell basis B giving an outcome p € Z2.
If Alice’s qudit is initially in the state ¢ then the post-measurement state of Bob’s
qudit is W (p)|¢). It follows that if Bob performs the correction W(—p) then up to
an unobservable phase his qudit is in the state [¢). In diagrammatic notation, the
protocol is equivalent to the identity wire from Alice to Bob.

(8
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Figure 4.6: Any number of agents Ay, ..., A, are arranged on a line, such that A; has
a qudit ¥, and A;, A;y1, where i = 1,...,n — 1 share a maximally entangled pair of

qudits. We send A,, a measurement setting. The goal is for the agents to implement
a measurement on 1, without communicating the measurement setting to any of the
other agents Ay,..., A,_1.

4.2 Performing measurements far away with tele-
portation

Quantum teleportation (Figure |4.5)) is a way of transferring a single-qudit state be-

tween two agents that share a mazimally entangled state ¢.
1
= — MY 4.13
9) = ;!Mﬁ (4.13)

The protocol involves a measurement in the Bell basis B

B = {l¢p) == (L @ W(p))[#)}pezz (4.14)

performed by one of the agents, classical communication of the measurement outcome
p € Z2 to the other agent, and finally a Weyl operator correction W (—p).
In this section we extend the usual teleportation protocol to any number of agents

Ay, ..., A, arranged on a line. The first agent has a state ¢ and each consecutive pair
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Figure 4.7: Teleportation along a line followed by a measurement, using two rounds
of measurements. Let {M,},cx be a family of quantum measurements. We send
a measurement setting x to A, and Ay, ..., A, 1 perform Bell basis measurements.
The respective outcomes py, . ..,p,—1 € Z3 are sent to A,. In the second round A,
performs the conjugated measurement A, (p) := W (p) M, W (p)' of M, with the Weyl
operator W (p). The effect of the protocol is up to an unobervable phase equivalent
to A, performing the measurement M, on A;’s qudit and returning the outcome.

A;, Ai11 have a maximally entangled pair of qudits. We show that A,, can implement
a measurement on ¢ without communicating the measurement setting to any of the
other agents, such that only constantly many rounds of quantum measurements are
performed. We present two versions of the protocol. In Section we present
a version for an arbitrary quantum measurement that uses two rounds of parallel
measurements. In Section we restrict to Weyl operator measurements and we

present a protocol using only a single round of parallel measurements.

4.2.1 Teleportation on a line followed by a measurement

Let {M,}.cx be a family of single-qudit measurements and 1 a single-qudit state.
Consider the setup in Figure . Suppose that we select a measurement setting
r € X and send this to A,,.

A simple way for the agents to implement the measurement M, is to first teleport
1 from A; to A,, then perform M,. The naive way of doing this uses n — 1 rounds.
In round 7 = 1,...,n — 1 a Bell basis measurement teleports ¢ from A; to A;,1 up
to a Weyl operator phase W (p;) which is corrected with the operator W (—p;).

Weyl operators compose up to an unobservable phase:

W)W Q') =~ W(p+7p) (4.15)
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Figure 4.8: Teleportation on a line with a simultaneous Weyl operator measurement.
We send a measurement setting p’ € Z2 to A,. Ay,..., A, 1 perform Bell basis mea-
surements with outcomes py,...,p,_1 € Z32, and A, performs a Weyl measurement
W (p') with outcome ¢ € Z4. The final outcome is g— [p, p'], where p := p;+- - -+ pp_1.
The protocol is equivalent to A, measuring W (p') and returning the outcome.

Using the composition law we can reduce the number of rounds from n —1 to two
(Figure . In the first round agents 1,...,n — 1 perform Bell basis measurements
in parallel. After this the state of A,’s qudit is W(p; + ... p,_1)|¢0). If A, performs
the correction W (—p), where p := p; + - -+ + p,_1, then the effect is to teleport ¢ to
A, using only a single round of parallel measurements.

Instead of performing the correction W (—p) and then the measurement M, the
agent A, can equivalently perform a single measurement W (p) M, W (p)'.

Overall we have a protocol for implementing M, using only a single round of

parallel Bell basis measurements, followed by a single measurement performed by A,,.

4.2.2 Teleportation on a line followed by a Weyl measure-
ment

Recall that two Weyl operators W (p), W (p'), where p, p’ € Z3 commute according to
W)W (p') = PP TW ()W (p) (4.16)

2mi/d

where w = e and

[p,P'] := p1p) + paph (4.17)

We now consider the case of the teleportation protocol on a line when the set of
measurements we want to perform are given by Weyl operators. Suppose that we

send some Weyl measurement setting p € Z?2 to A,,.
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If Ay,..., A,_1 perform Bell basis measurements with outcomes pf,...,p!_; then
¥ is teleported to A, up to a phase given by the Weyl operator W (p’), where p’' :=
py+ -+ pl,_;. We now want to perform the measurement given by W (p). Because
the operators W (p) and W (p') commute up to a factor wiP?! it can be shown that the
adaptive measurement W (p)W (p/)W (p)' can be replaced by a measurement of W (p')

followed by a classical correction —[p, p].

Lemma 4.2.1. For any p,p’ € Z2 the following are equivalent, up to an unobservable
phase: A Weyl operator measurement W (p) followed by a classical correction —[p, p'],

a Weyl operator correction W(—p') followed by a Weyl operator measurement W (p).

| |
Ap W(—p')
[
_[pvpl] mp
I I

Proof. Let |p,q) be an wi-eigenvector of the Weyl operator W (p), where p € Z3
and q € Zq. Let W(p), W(p') be Weyl operators, where p,p’ € Z2. The claim is

Q

(4.18)

equivalent to saying that W (p') permutes the eigenvectors of W (p) by sending |p, ¢)
to |p,q + [p, P]), up to an unobservable phase:

W), ) ~ p,q + [p,p]) (4.19)

where q € Z4. By the commutation law of Weyl operators we have

W (p)(W()p, q)) = wPP W (" )W (p)|p, @) (4.20)
= WP TW (p)w|p, ) (4.21)
= wPP W (p)|p, q)) (4.22)

Hence W (p')|p, q) is an eigenvector of W (p) with eigenvalue g+ [p, ], as required. [

From the Lemma, it is clear that the protocol in Figure is equivalent to per-
forming a Weyl measurement and returning the outcome.

4.3 Distributing measurements on graphs

In Section we showed that measurements on a single-qudit state can be performed
at long distances along a line, using only local entanglement and constantly many

rounds of local measurements.
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Figure 4.9: Given a rooted graph G and a multi-qudit state i) we consider a scenario
with an agent for each node of G and qudit of ¢. The agents corresponding to
the roots have each qudit of v, and agents given by adjacent nodes have shared
entanglement. (a) e denotes a qudit, and each line connecting two dots either the
state ¢ or a maximally entangled state ¢. The set of qudits held by each agent is
circled. (b) A path in G for each qudit of ¢ defines a sequence of qudits that can be
used to implement measurements on v by agents that are far away.

We now extend the scenario from a line to a graph and from a single-qudit state
to multiple qudits. The purpose of this construction is to show that measurements on
a quantum state can be performed in a distributed way, using a simulation with only
a constant number of rounds. In Section we define a simulation for arbitrary
measurements using two rounds, in Section [4.3.2 we restrict to Weyl measurements
and present a simulation with a single round.

The information specifying the setup is conveniently represented as a rooted graph.

We first define rooted graphs and some of their basic properties.

Definition 4.3.1. A rooted graph G = (V, E, r) is an undirected and connected graph

with a distinguished node r called the root.

1. A path is a non-repetitive list of nodes vy = r, vy, ..., v, starting with the root,
such that {v;,v;11} € FE for alli =1,...,1 — 1. Write Paths(G) for the set of
paths in G.

2. The neighbourhood of a node v € v is the set of nodes Ng(v) = {w € V |
{v,w} € E} that are adjacent to v.

3. The degree of G is the size of the largest neighbourhood: deg(G) = max,cy|Ng(v)]|.

4. The radius of G, denoted by rad(G), is the least K > 1 such that every v € V
is reachable by a path of length at most K.

Let 1 be a multi-qudit state with qudits labelled by a set I and G = (V, E,r) a
rooted graph. We consider a scenario with agents labelled by I x V' (Figure . The
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agents share a single instance of the state 1) and a number of maximally entangled
two-qudit states ¢. Each of the agents (z,7) € I x V has qudit i of 1. Additionally,
each pair of agents (i,v), (i,w) € I x V such that {v,w} € E, has one qudit each out

of a maximally entangled state. Denote the total state by

|77Z17 G> = |77Z)> & ® |¢>(i,v,w),(i,w,v) (423)
i€l {v,w}EE
The qudit held by agent (i,v) of the maximally entangled state |®) (v w),@,ww) 15 la-
belled by (i,v,w). Agent (i,r) therefore has the following set of qudits

Qudits(z,r) ;== {i} U{(i,v,w) | w € Ng(r)} (4.24)
where Ng(r) is the neighbourhood of the root, and when v # r agent (i, v) has qudits
Qudits(z,v) := {(i,v,w) | w € Ng(v)} (4.25)

We now consider the following problem. Suppose that we want to perform a
measurement on each qudit of ). How can this be done in such a way that 1) we
minimise the probability that any single agent knows the measurement setting, 2) we
minimise the number of agents involved in the protocol. The solution is to use the
teleportation protocols from the previous section. We first randomly select a path for
each qudit ¢ € 1. Let » = vy,...,v;,...,v = v; be a path in G. We teleport qudit ¢
to agent (7,v;) using the sequence of qudits (Figure [4.10)

i, (Z, V1, ’UQ), « ey (Z, Uy, Uj—l)a (Z, Uy, Uj+1), ceey (Z, (U Ul—l) (426)
Here (i,vj,vj41), (4,041, v;) are maximally entangled, i, (i, v1,v2) € Qudits(z, ), and
(4,v,v;-1), (1, v;,vj41) € Qudits(i,v;) for each j = 2,...,0 — 1. Hence the protocol

uses only local measurements at each agent.

Definition 4.3.2. Given a rooted graph G let upains € D(Paths(G)) be any distribu-
tion such that for any v € V

Upaths(V1, - .., 1) > 0 =1 <rad(G) (4.27)
Upaths (U1, - - ., v such that v, = v) = 1/|V| (4.28)

If the paths are chosen independently for each qudit ¢ from the distribution patns
then the probability that any given player knows the measurement setting is at most

1/]G|, and the number of agents involved in simulating the measurement on i is at

most rad(G).
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Figure 4.10: Simulation protocol. (a) In the first round we perform Bell basis mea-
surements along each path. (b) The first step teleports each qudit up to a Weyl
operator phase. In the second round we measure with the corrected measurement.

4.3.1 Distributing measurements in two rounds

We now suppose that S = (I, X, Y) is a multipartite scenario, e is a quantum realised
empirical model with quantum realisation (¢, M) in qudit dimension d, and G =
(V,E,r) is a rooted graph.

We first define a multipartite scenario T'(S,G,d). The measurement sites of
T(S,G,d) are I x V, and at each measurement site (i,v) € I x V the measure-
ment settings and outcomes are as follows. When v = r the measurement settings
indicate a measurement setting at measurement site ¢ in the scenario S, or one of
the neighbors of r in the graph G. Otherwise, when v # r, the measurement settings
indicate either one of the measurement settings at measurement site ¢ as well as a
neighbour of v in G and one of the Weyl measurement settings Z32, or two distinct
neighbours of v in GG. For the measurements involving one of the measurements from

S the outcomes are the outcomes given by S, otherwise the outcomes are Z3.

Definition 4.3.3. Let S = (I, X,Y) be a multipartite scenario, d > 2 a dimen-
sion, and G = (V, E,r) a rooted graph. T'(S,G,d) is the multipartite scenario with

measurement sites I x V' and the following measurement settings and outcomes:

Measurement site Measurement settings Outcomes
(,7) r € X; Yia
w € Ng(r) 72 (4.29)
(i,v) (z,w,p) € X; X Ng(v) X Z Y.
w,w € Ng(v). w# w' 72

for all i € I and v # 7.

Next, we define a quantum realised empirical model €’ for the scenario T'(S, G, d).

Recall that the quantum realisation (¢, M) consists of a state ¢ with qudits labelled
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by the measurement sites I, and a single-qudit measurement M, , on qudit 4, for each
measurement (¢, ) of the scenario S.

To define the empirical model ¢ we interpret the measurement settings of the
scenario T'(S, G, d) as quantum measurements on the state |¢, G) in the following way.
At each measurement site (i,7) € I xV the measurement setting « is the measurement
M; . on qudit 7, and the measurement setting w is a Bell basis measurement on
qudits ¢, (i,7,w). Otherwise, when v # r, the measurement setting (z,w,p) is the
conjugated measurement W (p) M, ,W (p) on qudit (i, v, w), and (w,w’) is a Bell basis

measurement on qudits (i, v, w), (i, v, w’).

Definition 4.3.4. Let G = (V, E,r) be a rooted graph, S = (I, X,Y’) a multipartite
scenario, 1 an I-qudit state, and 7 (i, z) a single-qudit measurement with outcomes
Yi,foreachi € I,x € X;. egyr 1 Sg,qis the empirical model realised by the following

measurements on |G, ¢).

Measurement site Measurement setting Quantum measurement
(i,7) xr € X; 7(i,x) on qudit i
w € Ng(r) Bell basis on qudits i, (i, v, w)
(4, v) (z,w,p) € X; x Ne(v) x Zj | W(p)r(i,2)W (p)" on qudit (i, v,w)
w,w" € Ng(v). w # w' Bell basis on qudits (i, v, w), (i, v, w")
(4.30)

Using the empirical model ¢’ we can simulate the empirical model e in the following
way. Suppose that v is a path in G. Given any measurement (i, ) on the scenario
S we subject the empirical model €' to the following measurements. In the case

that v = r is the path of length one we perform measurement x on measurement

site (i,7). Otherwise, if v = vy,...,v; then we perform measurement vy on (i,7),

and measurement (v;_1,v;4+1) on (4,v;) for each j = 2,...,1 — 1. If the outcomes of
-1

these measurements are pq,...,p,_1 then we perform measurement (v;_q,x,» i1 ;)

on (4,v;). This defines a measurement protocol, which we denote by C,; ..

Criv:i=(i,7) —x (4.31)
and Cloy...viiz = Cloy wiar Clon.opia (1), Where
Clor,ioniie = {(Z:’T) % (4.32)
(4,v;) = (Vj—1,V541)
Clropin(s1) == (i, o) = (v, 2, Z_lel(i,vj)) (4.33)
j=1
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After performing these measurements we return the outcome of the measurement
performed at measurement site (¢, v;). Write ¢y, @ Es(Cyin) — Yi, for the function

from runs of C,; , to outcomes of (i, ).

Oriz = S+ 8(i,7”) (434)
9(v1,...0) i — (Sh 82) — 52(7;7UI> (435)

Definition 4.3.5. Let G = (V, E,r) be a rooted graph, S = (I, X,Y) a multipartite
scenario, and d > 2. s(S,G,d) : T(S,G,d) — S is the simulation

Z [Hupaths(vi)} “ty (4.36)

vePaths(G)! i€l

where for each v = {v; € Paths(G)};cr the deterministic simulation ¢, is defined by
tv = ({Ovi,i7x}iel,$EXi’ {gvi,i,x}ief,meXi)-

When one of the deterministic simulations ¢, is applied to the empirical model €’
the effect is to perform the two-round teleportation protocol along a choice of path
v; for each measurement site ¢ € I. It is therefore clear that ¢’ in fact simulates the

empirical model e.

Lemma 4.3.1. Let ey : S be a quantum realised empirical mode, G = (V, E,r) a

rooted graph. s(S,G,d) simulates ey nr USing ecpn S @ TESOUTCE.
S(S, G, d)*(GGﬂ%M) = €y, M (437)

4.3.2 Distributing Weyl measurements in a single round

Consider a multipartite scenario (I,Z32,Z4), a quantum realised empirical model e
along with a quantum realisation (¢, W) where W(i,p) is the Weyl measurement
W (p) on qudit ¢, and G = (V, E,r) a rooted graph.

We first define a multipartite scenario T'(1, G, d) with measurement sites I x V.
At each measurement site (i,7) € I x V' the measurement settings are either one of
the Weyl measurement settings Z2 or a neighbour of r. Otherwise, when v # 7, the
measurement settings at (i,v) are either a distinct pair of neighbours of v or a Weyl

measurement setting as well as a neighbour of v. The outcomes are either Z?2 or Z;.
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Figure 4.11: The state |[¢), G) for a two-qudit state 1) and a depth two binary tree.

“o” denotes a qudit, two qudits connected by a line a maximally entangled state, and
each group of qudits is surrounded by a dotted circle.

Definition 4.3.6. Let I be aset, d > 2, and G = (V, E, r) arooted graph. T'(I, G, d)
is the multipartite scenario with measurement sites I x V' and the following measure-

ment settings and outcomes:

Measurement site | Measurement settings | Outcomes
(,7) w € Ng(r) Z2
p € Zfl Ly (4.38)
(1,v) w # w' € Ng(v) Z2
(w,p) € NG'(’U) X Z?l Ly

for all v € I and v # r.

We interpret the measurement settings of the scenario T'(1, G, d) as quantum mea-
surements on the state |, G). At each measurement site (i,7) € I x V' measurement
setting p is a Weyl measurement W (p) on qudit ¢, and measurement setting w is a Bell
basis measurement on qudits i, (7,7, w). Otherwise, when v # r, measurement setting
(p,w) is a Weyl measurement on qudit (i,v,w) and (w,w’) a Bell basis measurement

on qudits (i, v,w), (i,v,w").

Definition 4.3.7. Let [ be a set, d > 2, ¢ an [-qudit state, and G = (V, E,r) a
rooted graph. The empirical model e : S 1.4 is the empirical model realised by the

state |G, 1) and measurements:

Measurement site | Measurement setting Quantum measurement
(i,7) pEZ W(p) on qudit ¢
w € Ng(r) Bell basis on qudits 1, (i, 7, w)
(i,v) (w,p) € Ng x Z3 W (p) on qudit (i, v, w)
w # w € Ng(v) Bell basis on qudits (i, v, w), (i, v, w')

(4.39)

for all v € I and v # r.

78



We define a simulation from T'(I, G, d) to (I,Z3,7Z5) in the following way (Figure
4.11)). Given a path v in G an a measurement setting (i, p) for the scenario (I, 732, Zs)

perform the measurement p on measurement site (i,7) in the case that v = r, other-

wise if v = vy, ..., v, perform measurement vy on (7,7), (vj_1,v;41) on (i,v;) where
j=2,...,1—1, and measurement setting (v;_1,p) on (i,v;). If the outcomes of these
measurements are pi, ..., p;—1,q then we return the outcome g — [p,p1 + ... pi—1).

Write f,;p for the measurement context, and gu;p, : Er(r,6.a)(fo,ip) — Za for the

outcome map:

frip=(ir) = p (4.40)

Grip =S+ s(i,T) (4.41)
(1,v1) = vy

fwrwip = (o) = (U1, 0j40) (4.42)

(i,v)) + (v_1,Dp)

-1
Goroip = S > s(i,u) + [p, Z s(i,v5)] (4.43)
j=1

Definition 4.3.8. Let I be aset, d > 2, and G = (V, E, r) arooted graph. s(I,G,d) :
T(I,G,d) — (I,7%7Z,) is the simulation

> [T wpens(v)] -t (4.44)

vePaths(G)! i€l

where ¢, is the deterministic simulation ({f(vi)ip}ierpezz, {9(Vi)ip}ierpezz)-

When the simulation is applied to the empirical model e the effect is to perform the
single-round teleportation protocol on a line. It is therefore clear that the pushforward

of €G .y, M is e.

Lemma 4.3.2. Let ey : (I,{Z3},{Z4}) be a Pauli measurement model and G a rooted

graph. sg: Sg.1a — (I,Z3,Zq) simulates ey using ey as a resource.

(sc)«(epc) = ey (4.45)

4.4 Distributing non-local games on graphs

In Section we showed that measurements on a multi-qudit state can be simulated
in a distributed way, using a graph as a template. We now use this construction

to define distributed versions of non-local games and show that they are solved by
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quantum circuits of low depth and fan-in. We present two versions of this. In Section
we use the two-round teleportation protocol, and we work with general non-local
games. In Section we use the single-round protocol and we restrict attention to

non-local games using Weyl measurements.

4.4.1 Two-round distributed non-local games

Let S = (I, X,Y) be a multipartite scenario, (e, ®) a non-local game along with a
quantum realisation (¢, M) of e in qudit dimension d > 2, and G = (V, E,r) a rooted
graph.

In Section we defined a measurement scenario 7'(S,G,d), a quantum re-
alised empirical model €', and a simulation s(S,G,d) : T(S,G,d) — S such that
s(S,G,d), (¢') = e. We now consider the pullback of the cooperative game ¢ across
the simulation s(S, G, d). Because ¢’ simulates e we have that the success probability
of €' on the pullback problem is equal to the success probability of e. ¢’ therefore

violates the classical bound for the non-local game (e, ®).

ps(e,s(S,G,d)"(®)) = ps(e, ) > v (4.46)

where 7 is the classical bound.

We can implement ¢’ as a two-round quantum circuit strategy (Figure . We
first have to prepare |1, G). This can be done with a single unitary gate of fan-in |/|
and a number of unitary two-qudit gates. We then have to implement measurements.
The measurements corresponding to each measurement site (7, v) act on Qudits(i, v).

The fan-in of these gates, therefore, depends only on the degree of G.

Lemma 4.4.1. Let S = (I, X,Y) be a multipartite scenario and (e, ®) a non-local
game with classical bound ~. Suppose that e has a quantum realisation in qudit di-
mension d > 2. There exists a two-round cooperative game ®" with classical bound ~y

and quantum circuit strategy (Q such that
1. The success probability of Q) exceeds v: ps(Q, D) > 7.

2. The depth and maximal fan-in of Q) depends only on the size of I and the degree
of G.

80



Y21

Y2i

S5l

Y2k

SNIENIEN

Y11 352;/

Y2i

Y2k
(a)
Ul/},G = Uw ® ® U(i,v,w),(i,w,v)
el {v,w}eE
Upl0...0) = [¢)
Uti,ow),0,0)00) = |¢)
(b)
Measurement site Input value Measurement setting
(,7) w € Ng(r) Bell basis on qudits i, (7, r, w)
r € X; M; . on qudit ¢
° Identity
(,v) w,w" € Ng(v). w # w' Bell basis on qudits (i, v, w), (i, v, w")
(z,w,p) € X; X Ng(v) x Z3 | W(p)M; W (—p) on qudit (i,v,w)
° Identity

()

Figure 4.12: The two-round quantum circuit strategy Q¢ uses a multi-qudit reg-
ister initially set to the computational basis state. The state |¢, G) is prepared by a
single |]-qudit gate Uy and a two-qudit gate U ) iww) for each i € I, {v,w} € E.
The first round of inputs z;, is used to control a non-destructive measurement gate
M, ,, with measurement settings given by (b), and the second round of inputs x’(im)
controls a destructive measurement gate M, also with measurement settings from

(b).
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Figure 4.13: (a) A generic two-player Weyl measurement game. Alice and Bob share
a two-qudit state 1. Verifier randomly selects q;, q» € Z3 and an accepting condition
A C 73 according to a probability distribution d(gy, gz, A). Alice and Bob measure
the Weyl measurements W (p;), W (p2) respectively. Their success probability is the
likelihood that (g1, ¢2) € A. (b) Graph version of the game (a) played on a tree. ran-
domly selects paths (7, v11, ..., V1k, ), (7, V21, - . ., Vag, ) according to a path distribution
dpaths and an instance (py,p2, A) of (a) with probability d(p;,p2, A). Verifier sends
players (1,7), (1,v11), ..., (1, v1x,) They win if (¢} + [p1,P1], & + [p2, b)) € A, where
P =P+ D

4.4.2 Single-round distributed Weyl-measurement games

Let (e, ®) be a non-local game for a multipartite scenario on the form (I,%Z2,Z4), such
that e has a quantum realisation on an I-qudit state v, where the measurement (i, p)
is the Weyl measurement W (p) on qudit i. Let G = (V, E,r) be a rooted graph.

In Section we defined a quantum realised empirical model ¢ and a single-
round simulation s(/, G, d) such that s(I, G, d),(¢’') = e. Taking the pullback s(I, G, d)*(P)

we then have
ps(e,s(I,G,d)*(P)) >~ (4.47)

where 7 is the classical bound of (e, ®. We can implement e’ as the quantum circuit
in Figure (4.14)).

Lemma 4.4.2. Let (e, ®) be a Weyl measurement game with classical bound vy and G
a rooted graph. Consider the pullback of ® across the single-round simulation. This

game has a quantum circuit strateqy () such that that

1. The success probability of Q) at the pullback of ® is the success probability of e
at ©, which exceeds v: ps(Q, s(I,G,d)*(P)) > .

2. The depth and maximal fan-in of Q) is only dependent on the size of I and the
degree of G.
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We can describe the pullback game more directly as follows. Recall ® is defined
as a convex combination » ;; , @y a - (U, A) where U is a joint measurement for the
scenario (1,73 Z4) and A C 5(I’Z3’Zd)(U) is an accepting condition.

In the pullback game Verifier randomly selects U, A with probability ®; 4. For
each joint input (i,p;) € U Verifier then selects a path v; = (v;1,...,vy,) in G with
probability upatns(vi). If v; is the trivial path then Verifier gives input p; to (i,7),
otherwise if [ > 1, Verifier gives input v;s to (7,7), input (vi;—1y, vi(j+1)) to (4,v;), and

finally input (v;i,—1),p:) to and (4,v;,). The total joint input is then

( if (i,p;) € U and v; =7

(2,7) > vg, if (i,p;) € U and [; > 1
(4, vi5 = (vigj—1), Vigj+ny), if (4,p;) €U and j=2,...,]; —1
( if (4, p

i, vit,) = (Vig—1), Pi) i,p;) €U and [; > 2

i,

hPi (4.48)

The players then respond with a joint output s € &s,, , ,(U, ). The output is accepted
if

[y

li—
Avu(s) = ((i,p) = s(i,va,) + [ps, S(i’vij)])(i,pi)eU €A (4.49)
j=1

As a convex combination the pullback is then the game

Z [Hupaths(vi)}q)U,A (U, Avwr) (4.50)

v, UA el

4.5 Separating quantum and classical circuits of
low depth and fan-in

In Section we defined two simulations s(S,G,d) and s(I,G,d) with respectively
one and two rounds, that perform measurements on a quantum state in a distributed
way. The simulations where then used in Section 4.4] to define distributed versions of
non-local games, such that the quantum strategies can be recast as circuits of small
depth and fan-in. The purpose of this section is to bound the success probability of

classical circuits on these problems. Recall the resource inequality
ps(e, ®) <~ 4 CF(€) (4.51)

relating the success probability of an arbitrary empirical model €' to the classical

bound 7 for a non-local game and its contextual fraction CF(e’). We observe that the
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Y1

Ud),G - U’L/) ® ® U(i,v,w),(i,w,v)

i€l {v,w}eE
Uylo...0) = )
U(i,v,w),(i,w,v)|00> - |¢>
(b)
Input wire Value Measurement setting
(i,7) = W(p) on qudit ¢
w € Ng(r) Bell basis on qudits i (i, r,w)
° Identity measurement
(i,v) (w,p) € Na(v)Z3 W (p) on qudit (i,v,w)
(w,w') € Ng(v)?. w # w' | Bell basis on qudits (,v,w) (i,v,w’)
° Identity measurement
()

Figure 4.14: (a) Circuit strategy Q. ¢, where ¢ is an n-qudit state and G = (V, E,r)
is a rooted graph. to entangle each qudit of 1) with a qudit that is far away in the
circuit and measures this qudit in the Weyl basis. (b) The effect of the Bell basis
measurements is to teleport ¢/ up to a random phase.
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derivation of this bound does not rely on the no-disturbance condition. In Section
we explained that circuit strategies give rise to empirical models that don’t satisfy
the no-disturbance condition, we called these objects “behaviours”, and explained
that constructions like simulations and the contextual fraction can be generalised.

Because the bound v + CF(¢e’) does not rely on no-disturbance we have a bound
ps(B, ®) < v+ CF(B) (4.52)

for any behaviour B.

We want to bound the contextual fraction of a classical circuit C' on the pullback
s*(®) of a game ¢ across some simulation s. To do this we bound the contextual
fraction of the pushforward s,(C') and rely on the inequality [4.52|

Although we use a different terminology this is precisely what Bravyi, Gosset,
and Konig did. We will work at a general level, first stating the result as a general
property of simulations, and then restrict to the two simulations.

The idea is to consider a general simulation s : S — T. Recall that s is defined
as a probability distribution over deterministic simulations ¢ : S — T. In Section
we consider the case of a deterministic simulation. We derive a combinatorial
condition involving the lightcones of the circuit C' that ensures that the pushforward
t.(C) is non-contextual. In Section We first present a lemma due to BGK, and we
restate this as a bound on the probability that this condition holds, when t is selected
randomly from a simulation s. We finally apply this to the simulations s(G, I, d) and
s(S, G, d).

4.5.1 Lightcones of simulations

The simulations s(S, G, d) and s(I, G, d) are defined as probability distributions over
deterministic simulations ¢, corresponding to each choice of paths v € Paths(G).
Consider these simulations for a fixed choice of paths v. The measurements per-
formed in these simulations are independent of the input for all but a small number
of measurement sites, and the outcome we return only depends on the outcomes of
the measurements on a small number of measurement sites. In the two-round case,
given a measurement (4,z) for the scenario S we first perform a measurement C; ; .
that is independent of x and in the second round we perform a measurement C,, ; .
that is only defined on (7,vy,). The final outcome only depends on the outcome at
(7,v4,). In the single-round case, we perform a single measurement where only the
setting at (4,v;,) depends on z. And the outcome returned depends only on the

subset of measurement sites {(7, v;;)}.
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For any deterministic simulation ¢ : S — T we can identify the unique minimal
subset of measurement sites such that the measurement setting in round k& depends
on the input, and the outcome uses the measurement outcome. For each round k <n

and j € J we define the input and output dependencies of the simulation as follows.

Definition 4.5.1. Let S = ([, X,Y),T = (J,Z,W) be two multipartite scenarios
and t = ({Cj.}jeszez;, 195z jeszez;) : S — T an n-round deterministic simulation,

where Cj . is the measurement protocol

Oi,z - Cl

i,20 "

< sz(sl, ce 7Sk_1), ceey CZ?:LZ(Sl, ceey Sn—l) (453)

and g; . : £s5(C;.) — W, .. For any measurement site j € J and round k =1,...,n
let Ing(t)(j), Outg(t)(5) C I as follows

e Iny(t)(j) is the least I’ C I such that for each z € Z; and run (sq,...,s,) €

Es(Cj) the joint measurement Cﬁz(sl, ...,8k_1) can be written as a union
Cﬁz(sl, ey Sk—l) = U(Sl, ey Sk_1> U Uz<517 coey Sk—l) (454)
where U(sy,...,Sx_1) is independent of z and U,(sy,...,Sk_1) is a joint mea-

surement for the measurement sites I'.

e Outy(t)(y) C I is the least I’ C I such that for each run (sq,...,s,) € E5(C;,)
the outcome g;.(s1,...,s,) € Wj, is independent of the value of s;, on mea-

surement sites I\ I:

Gi2(815 -, 80) = gi(S1, -+, Sklrry oy 80)() (4.55)
where g; is some function.

For example, for the two-round simulation ¢ := ¢(S, G, d,v) we have

Iny () (i) = 0 (4.56)
Ina(2)(é) = {(4, va,)} (4.57)
Outa(t)(7) = { (4, vu,)} (4.58)

and for the single-round simulation t := (I, G, d, v)

Iny (¢)(4)
Out, (£)(7) =



A ing outa A
1 /: B ing outp B 1
20— (C inc outc C 2
oD inp outp D
(a) In (1) (b) LCE (c) Outy (%)

l]oe— 1

20— 2

(d) Iny(¢); LCE; Outy (t)

Figure 4.15: Consider a simulation ¢ from a scenario with measurement sites {1,2}
to a scenario with measurement sites { A, B, C, D} with the input dependencies in (a)
and the output dependencies in (c) and a classical circuit C' with lightcones in (b).

If t : S — T is an n-round simulation such that Ing(¢)(j) is empty for all £ < n
and C' is a classical strategy such that t,(C) is contextual. Then there must be some
Jj # 7 and i € In,(t)(j),7 € Out,(t)(j') such that there is path through C' from in,,

to outy,. Let the relation In,(t); LCS; Out,(t) C J x J be defined by
Jiyi' € I: i €In,(t)(j) Aing, € LCG (out,y) Ai' € Out,(5) (4.61)

for all (j,5") € J x J (Figure 4.15)). In other words, if In,(¢); LCZ; Out,(t) C idy,

where idy C J x J is the identity relation, then ¢,(C') is non-contextual.

Lemma 4.5.1. Let S and T = (J,Z,W) be two multipartite scenarios, t : S — T
an n-round deterministic simulation, and C an n-round classical circuit strategy for
S. If for all k < n and j € J we have Ing(t)(j) = 0, and In,(t); LCS; Out,(t) C idy

then t.(C') is non-contertual.

Proof. Let t : S — T be an n-round deterministic simulation and C' an n-round

classical circuit strategy. By definition ¢,(C) is defined for any context U of T by

LOWO) = Y CUWU) (st 50) - gulses-. s0) (4.62)

(s150,8n)€E5 (F(U))

where f(U) € MP,(S) and gy : Es(f(U)) — Er(U). By assumption the first n — 1

measurements are independent of U, so that f(U) is of the form:

f(U) = ‘/1,‘/2(81), e 7Vn—1(317 ce ,Sn_g), Vn(U)<Sl, ey Sn—l) (463)

Because C'is a classical circuit we can write the probability distribution C(F(U))

as a convex combination of hidden variables A, such that

CUPW) =Y pa- e At MV U) (s -5 M) (4.64)
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and the value of A\, (U)(A1,...,\s—1) at any measurement site i € I depends only on

the measurement setting of V,,(U) on the subset of measurement sites
% _ ./ . %
i ={i €I]iny € LCS (out;)} (4.65)

Plugging the hidden variable expression for C(f (U)) into the first equation we get

a hidden variable expression for the pushforward ¢,(C)(U)

L)) =Y pn- oo A, (V@) (Mo M) (4.66)

To see that t,(C) it is sufficient to show that the value of

gu AL, A, A (Vi (U) (A, s An21))) (4.67)

on a measurement (7, z) is independent of U.
Suppose therefore that (j, z) is any measurement for 7" and for any U consider the

outcome assigned to (j, z). That is, the value

guAas - A A(Va(U) (A - A1) (3 2) (4.68)

First we have that the outcome of (7, z) only depends on the value of A, (V,,(U) (A1, ..., An-1)))
on the subset of measurement sites Out,(¢)(j) C I. Furthermore, the value of

An(Va(U) (A1, ..., An—1))) on measurement sites Out,,(¢)(j) depends only on the value
of Vn(U)(/\l, cvey )\n—l)) on

ou, ()= |J 7 (4.69)
i€0ut, (t)(j)

Hence the outcome of (7, z) depends only on the value of V,,(U)(A1,..., A\p—1) on
each i’ such that there exists an i such that iny,, € LCg (outs, and i € Out,(¢)(j).
Finally, we have that the value of V,,(U)(A1,...,A,—1) on i only depends on the value
of U on j such that ¢ € In,(¢)(j). Therefore, if the condition holds then it is non-

contextual. ]

4.5.2 Classical bound

Suppose that s : S — T is a probabilistic simulation from a multipartite scenario S
to another multipartite scenario T" and C' a classical strategy for S. Suppose that we
randomly select a deterministic simulation ¢ : S — T with probability given by s.

Lemmam gives a condition ensuring that the pushforward ¢,(C') is non-contextual,
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involving the relation In,,(¢); LCZ; Out, (). We now consider the probability that this
condition is satisfied when t is chosen randomly from the simulation s.

The following lemma from BGK shows that C' has low depth and fan-in, In,(¢)(j)
is small, and Out,(¢)(j) is distributed in a uniform way, then the probability that the
condition holds is high.

Lemma 4.5.2. (BGK) Let C be a circuit with inputs {in; }ier and outputs {out; }icr
of depth D and fan-in at most K. Suppose that we randomly select a family of sets
{Lin(7), Lout(§) C I}jes and consider the relation Ipy; LCG 5 Iy C J X J given by

Jiyi' € 1.0 € Li(j) N in; € LCG (outy) Ni' € Tou(j') (4.70)
for all (4,7") € J x J. Suppose that the following conditions hold:

1. The size of Lou(j) is at most A, for all j € J.

2. For all j € J and i € I. If we randomly select {1;,(j), Low(J)}jes from the
marginal distribution fizing I,.,(j), then for each j' € J, such that j # j', the
probability that © € 1;,,(j) is at most e:

Prob(i € Iin(§) | Lou(3") <€ (4.71)

The probability that the condition Liy; LCE; Ly C idy fails is at most KD|J|2Ae.

Proof. For some j # j' € J suppose that I,,(j) is fixed and that I;,(j) is chosen

randomly.
Prob(LCo(fin(5), Lo (4))) < Y Prob(LCo(Lin(4),7) (4.72)
i€lout(5")
< ) Prob(i€ L(j)) (4.73)

iELCE (Tous (7))

< ) e (4.74)

i€LCE (Tout (5))

< KP Ae (4.75)

If {Iin(j), Iout(j) C I};es is chosen randomly we therefore have by the union bound
that

Prob(3j # j' € J. LCo(In(5), Iow (7)) < D Prob(LCe(ln(5), Low(5")))  (4.76)

Jj#jed
—1
REUEDPON )
< |JJPKP Ae (4.78)
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We next restate this as a bound on the contextual fraction.

Lemma 4.5.3. Let S and T be two multipartite scenarios, s : S — T an n-round
simulation, and C' a classical n-round circuit strateqy of depth D and maximal fan-in
K. Suppose that the following conditions hold when a deterministic simulation t is

chosen randomly with probability s(t):
e For each k <n and j € J we have Ing(t)(j) = 0.
e For each j € J we have |In,(t)(7)| < A.

e Forall j,j’ € J andi € I such that j # j':

s(i € Inn(t)(7) | Outn(t)(j")) < € (4.79)

The contextual fraction of the pushforward 3*(0) is at most |J\2KDA6

CF(s.(C)) < |JJPKP Ae (4.80)

Proof. The pushforward s,(C') is defined for each context U of T" as the convex com-

bination

s(O)U) =) s(t) - L(C)U) (4.81)

The non-contextual fraction of s,(C) (Definition [2.6.1)) is the greatest weight assigned

to the non-contextual part of any convex decomposition of s,(C') into a non-contextual

model and another empirical model. The non-contextual fraction of s,(C') is therefore

bounded from below by the probability that ¢,(C') is non-contextual when ¢ is chosen

randomly according to s.
5(t,(C) is non-contextual) < NCF(s,(C)) (4.82)

Or equivalently

CF(s.(C)) < s(t«(C) is contextual) (4.83)
By Lemma if t,(C) is contextual then In,(t); LCE; Out,(t) ¢ id;.
s(t«(e) is contextual) < s(In,(t); LCS ; Out,,(t) ¢ id;) (4.84)

By Lemma m the probability of In,(t); LCS; Out,(t) ¢ id; is at most |J|* K P Ae,

as required. O
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We now consider the two simulations s(S, G, d), s(I, G, d) from Section [4.3]

Lemma 4.5.4. Let G be a rooted graph, d > 2 a dimension, I a finite set, and
S = (I,X,Y) a multipartite scenario.

1. Let C a two-round classical circuit strategy for the scenario T(S,G,d) of depth

D and mazimal fan-in K.

CF(s(S,G,d).(C)) < |[IPKP|G|™ (4.85)

2. Let C be a single-round classical circuit strategy for the scenario T(1,G,d) of
depth D and mazximal fan-in K.

CF(s(I,G,d).(C)) < [IPKP|G|  rad(G) (4.86)

Proof. In each case the simulation is defined as a convex combination

Z [H upaths(”z’)] “ty (4.87)

vePaths(G)! i€l
where t, is a simulation with either
Iny(2) (i) =0 (4.88)
Iny(t)(d) = {(4, va,)} (4.89)
{2, var,) } (4.90)

in the two-round case, or

(i,vi) Y1y (4.92)

in the single-round case.

In either case condition 1. of Lemma [£.5.3] is satisfied. For the second condition
we have A =1 in the first case and A < rad(G) in the second case.

Note that choice of paths are independent for different i,7 € I. For the third

condition we therefore have bound € = 1/|G]. O
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4.5.3 Randomised restrictions

A common technique in complexity theory is to look at randomised restrictions of
circuits. In this section we explain why this is not sufficient to prove a separation

between shallow quantum and classical circuits.

Definition 4.5.2. Let S = (/, X,Y) be a multipartite scenario and B a single-round
behaviour. A restriction is a pair (U, I') where I' C I is a subset of measurement sites
and U is a joint measurement for the remaining measurement sites 7\ I’. Write S| for
the multipartite scenario (I, (X;)ier, (Yiz)icr zex,) and €|y : S|p for the behaviour

given by fixing the measurement setting at measurement sites I \ I’ according to .

Let C be a classical circuit strategy of depth D and maximal fan-in K. We
consider the probability that C|yp is contextual when (U, I) is selected randomly.
Classically we require communication to produce contextuality: If C' is contextual
then there must be some some i # ¢’ € [ such that input wire ¢ communicates to
output wire i’ through C, i.e. in; € LCE (outy). Hence if the restriction C|yp is
contextual then there are ¢ # ¢’ € I’ such that in; € LCg (out; ). Because I’ is small
and uniformly distributed it can be shown that the probability that this occurs is
at most eK” for some small e. C|y; v is therefore non-contextual with probability at

most e KL,

Prob(e|y.s is contextual) < Prob(3i # 4 € I'. i € LCg (¢')) (4.93)
< eKP (4.94)

Suppose next that () is a quantum circuit model of depth D and maximal fan-in
K. Quantum mechanically we require shared entanglement to produce contextuality.
Because we are interested in unconditional separations we do not allow quantum
circuits to start with an entangled state. If Q is contextual we therefore have some
i # i" € I such that LC{ (out;) NLCg (outy) # 0. It can be shown that the probability
of this occurring is at most e(KP)?, where ¢ is the same small parameter. We,

therefore, have that the probability of the restriction Q|U 1 is contextual is bounded
by e(KP)2.

Prob(Q|u,r is contextual) < Prob(3i # i’ € I'. LCG (i) NLCG (i) #0)  (4.95)
< e(KP)? (4.96)

Hence by looking at the restrictions we can only detect a constant difference

between shallow quantum and classical circuits.
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(b)

Figure 4.16: Examples of rooted graphs. The circle denotes the root node. (a) A
3-dimensional hypergrid. (b) A binary tree.

4.6 Quantum advantage with shallow circuits

A shallow circuit is a family of circuits, not a single circuit. We now move from single
circuits to families of circuits by considering families of rooted graphs {G,}n,en. We
first present the two results. We then explain the proof of both results, and in section
we give some examples of families of graphs and shallow circuits.

Suppose first that (e, ®) is a non-local game with classical bound 7. In Section
we define a quantum circuit (),, that depends only on the number of qudits of
and the degree of G,,. If {G,},en has bounded degree then {Q,},en is shallow. We
also define a game ®,, such that the success probability of @,, exceeds 7. In Section
we showed that for any classical circuit the success probability is bounded. We,

therefore, have the following result.

Theorem 4.6.1. Let (eyr, P,7v) be a qudit non-local game and {G,}nen @ family
of rooted graphs of bounded degree and unbounded size. There exists two-round in-

teractive games {®¢q, tnen and a shallow quantum circuit strategy {Uc,, = tnen Such
that

1. The success probability of Qa,, v on g, violates y:
ps(Qcnpm Pa,) > (4.97)

2. Let {C) }nen be any shallow circuit strategy. The success probability of C,, on

O¢, tends to v as n increases.
ps(Chn, ®c,) <7 +en

where v < 1 is the classical bound of ® and e, € O(|G,|™").
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Before giving the proof we state the analogous result for Weyl measurement games.
Suppose that the quantum strategy e is realised by Weyl measurements on a single-
qudit state. We can then instead consider the quantum circuit @),, and non-local game
®,, defined in Section [4.3.1] This gives the following result.

Theorem 4.6.2. Let (®,1),7) be a Weyl measurement game, and {G,}nen a family
of rooted graphs such that deg(Gy,) € O(1) and limy,_,oo1ad(Gy) /|G| = 0. There exists

non-local games {®¢, }nen and quantum circuit strategies {Uy. q, tnen such that

1. {Uyp G, tnen is shallow, and the success probability of Uy ¢, on ®g, exceeds :
ps(Uy.c,, ®c,) > (4.98)

2. If {Cy}nen is any shallow classical circuit strategy then the violation of v by C,,

tends to 0 for large n:
pS(Cna q)Gn) S Y + €n

where €, € O(rad(G,)/|Grl).
The proofs take the same form.

Proof. (Theorem I and II)
The proof of both statements follow the same pattern. We take a non-local game
(e, ®) with a particular quantum realisation and a family of graphs {G,, }en. Write
{en}n for the associated family of quantum realised empirical models, {s,}, for the
family of simulations. Because e, simulates e its success probability on the pullback
problem (s,)*(®) is equal to the success probability of e, which violates the classical
bound of the non-local game.

Under the assumptions on the graphs {G,}, the model these empirical models
can be recast as a shallow quantum circuit {Q,, }.

For the classical bound, we can use Section to derive a bound on the form

CF((50).(Ch)) < € (4.99)

for any classical shallow circuit {C,,}nen. The violation of (s,).(C,) of the classical
bound v for the non-local game (e, ®) is therefore at most ¢,. It follows that the
violation of C), of v on the pullback problem is also bounded by ¢,.

We also comment that the circuits we use are equivalent up to a constant factor in-
depth and fan-in to circuits using only input/output wires with bits and only quantum
wires that are qubits. An important point is that the number of measurement settings

at each measurement site does not blow up. O
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4.6.1 Examples

We will now present some concrete examples of circuits arising from the construction
we have presented. We first define two classes of rooted graphs (Figure 4.16)).

Definition 4.6.1. The hypergrid graph [n]¥, where n, k € N, has nodes {(ay,...,a) |
1<ay,...,a <n},root (1,...,1), and an edge {(ai,...,ax), (b1,...,b;)} whenever

la; — bj| =1 for some j and aj = b; for all j' # j.
Note that [n]' is a line, [n]? is a square grid, [n]® is a 3D grid, etc.

Definition 4.6.2. Let n,k € N. The k-ary tree T}, of depth n is the rooted
graph with nodes {(i,7) | i € {1,...,n},7 € {1,..., k" '}}, root (1,1), and edges
{(4,7), (', 7))} whenever i' =i+ 1 and k(j — 1) < j’ < kj.

Let n,k € N. The hypergrid [n]* has degree 2k and the tree T, has degree
k. For a fixed k € N the families {[n]*}nen or {Thr}tnen therefore have bounded
degree. If we use either family to define a family of quantum circuits {Q,, }nen then
the resulting circuit is shallow. Furthermore, [n]¥ has radius nk and size n*. while
T, has radius k and size k"1 —1. In Theorem I the parameters ¢, therefore converge
at a rate of O(1/n*) or O(1/k™) respectively. And in Theorem II the rate of converge
is O(1/n*1) or O(1/k™1) respectively.

For the hypergrid graphs the quantum circuits have polynomial size O(n*), while
for tree graphs it has exponential size O(k").

The game @ and the quantum circuit strategy @w’g is a distributed circuit version
of any non-local game. We showed that this game is solved with high probability by
Qy,¢ whose depth and maximal fan-in only depend on the size of I and the maximal
degree of GG. However, for any classical circuit strategy the success probability is
bounded by a bound involving the size of G and the radius of G.

The quantum circuits arising from the Magic Square game and 2D graphs and

binary trees are shown in the following figures (Figures - 14.20)).
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Chapter 5

Final Remarks

The motivation behind this thesis is the idea that contextuality can be a useful
phenomena for understanding quantum advantage in computing. The results that we
have presented touches on two different aspects of this idea. We need more refined
ways of identifying types of contextuality, and we need concrete examples relating
these types of contextuality to quantum advantage.

Cohomology is in many settings a powerful technique for identifying useful struc-
ture in data. For example, the simplicial cohomology of a topological space is related
to its number of “holes”. In the sheaf theoretic framework it is natural to consider
Cech cohomology as an invariant of contextuality. Cech cohomology can detect con-
textuality in a range of examples, indicating that it could be a useful way of identifying
types of contextuality. Another promising technique for studying contextuality is the
topological approach of Okay et al. We have shown that any false negative of the
Cech approach induces a false negative of the topological approach. As far as detect-
ing contextuality the topological approach therefore cannot go further than the Cech
cohomology approach.

Bravyi, Gosset, and Konig’s quantum advantage result with shallow circuits cur-
rently is the strongest example of quantum advantage using contextuality. We have
highlighted the role of simulations in their result as a way of bounding the success
probability of classical circuits. We have extended their result by giving a systematic
way of promoting any quantum realised multipartite empirical model to a quantum
advantage result with shallow circuits. The construction is parametrised by a family
of graphs that are used as templates to spread entanglement using teleportation. By
considering different families of graphs we can achieve a different tradeoff in size vs
strength of separation.

There are measurements making any (pure) entangled n-qudit state contextual

[Har93, [ACY16]. One can therefore use any (pure) entangled state.
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5.1 Further work

An unconditional quantum advantage result for a general computational model ap-
pears to be far away. However, BGK’s result has spawned a new interest in trying
to prove unconditional results for models of computation with structural restrictions.
Perhaps by studying such models we can identify the common structures that are
important. A potential candidate for such a model is the cell probe model.
Contextuality has shown itself to be useful for proving unconditional bounds on
memory complexity. Karanjai et al. [KWBI§| proves that the memory complexity
of the Gottesmann Knill algorithm [AGO04] is asymptotically optimal. The proof
appears to exploit a particular type of contextuality. It might be interesting to see
if this structure can be given a concise description using methods like cohomology or
simulations and if it can similarly be generalised to give a general connection between

contextuality and quantum advantage.
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